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Abstract: We review recent progress concerning the quantum entropy of a large class of su-
persymmetric black holes in string theory both from the microscopic and macroscopic sides. On
the microscopic field theory side, we present new results concerning the counting of black hole
microstates for charge vectors with nontrivial arithmetic duality invariants. On the macroscopic
gravitational side, we present a novel application of localization techniques to a supergravity
functional integral to compute the quantum entropy of these black holes. Localization leads to
an enormous simplification of a path integral of string theory in AdS2 by reducing it to a finite
dimensional integral. The localizing solutions are labeled by nv + 1 parameters, with nv the
number of vector multiplets in the theory of N = 2 supergravity. As an example we show, for
four dimensional large black holes which preserve four supersymmetries in toroidally compacti-
fied IIB string theory, that the macroscopic degeneracy precisely agrees with all the terms in an
exact Rademacher expansion of the microscopic answer except for Kloosterman sums which in
principle can be computed. Generalizing previous work, these finite charge contributions to the
leading Bekenstein-Hawking entropy can also be viewed as an instance of “exact holography”
in the context of AdS2/CFT1 correspondence.
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1. Introduction
Einstein’s general theory of relativity predicts that a sufficiently massive object can deform
spacetime in such a way that it creates a region from where not even light can escape. This
solution is called a black hole. The boundary of such a region is a null hypersurface called event
horizon. This a surface of infinite redshift which then motivates the name black hole.
As pointed out first by Bekenstein [1] and then by Hawking [2] a black hole must carry
entropy so that the second law of thermodynamics is not violated. The classic thought experi-
ment is to throw a bucket of warm water inside the horizon. Since the entropy of the Universe
cannot decrease the black hole must have entropy. It is well known that, in general theory of
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relativity, the black hole entropy is proportional to the area of the horizon in contrast with
ordinary matter systems where it is proportional to the accessible volume,
SBH =
A
4GN~
. (1.1)
Here A is the area of the horizon and GN is the Newton’s constant. Consistency with statistical
mechanics naturally lead us to the following question: can we describe a black hole as an
ensemble of quantum states in such way that we can relate the entropy SBH to the logarithm
of the number of accessible states?
SBH = lnΩmicro (1.2)
To answer this question we need a theory of quantum gravity. String theory is the leading
candidate for such a theory. Although we are still far from a description of the real world in
terms of strings, this theory is able to incorporate gravity in a consistent way with other forces
and it leads to the discovery of branes from where the holographic correspondence [3] was born.
String theory gives us a systematic procedure to compute corrections to Einstein’s theory of
gravity which can be important to understand finite size effects in quantum gravity.
The salient results covered by this article are:
• Finite charge corrections to Bekenstein-Hawking entropy
The main focus is the computation of finite charge corrections to the leading Bekenstein-
Hawking entropy. Formula (1.1) is valid for an action with only the Einstein-Hilbert
term. Since in string theory both the α′ and string-loop corrections depend on the phase
1 of the theory, finite size corrections to the area law can give us information about the
microscopic details of the phase.
To implement the effect of the higher derivative corrections we need to use the Wald
formalism [4, 5]. The entropy is then given by a surface integral over the horizon geometry.
To compute the Wald entropy we need first to find the black hole solution by solving
the gravity equations and then perform the surface integral which is not an easy task.
However, for extremal black holes, the near horizon geometry has enhanced symmetries
which can be used to simplify the computation of the Wald entropy. The near horizon
geometry AdS2 × S2 has SO(2, 1)× SO(3) symmetries and is separated from infinity by
an infinite throat. The moduli of the theory get attracted at the horizon and their value
only depends on the charges. This is called attractor mechanism [6]. Combining both the
symmetries of the near horizon geometry and the attracor mechanism Sen gives a simple
prescription to compute the Wald entropy [7]. This method, called entropy function,
resumes all the computation of Wald to a minimization problem and does not require
solving the Einstein’s equations. The entropy function is proportional to the Lagrangian
computed on the attractor background and the minimization parameters are the attractor
1By phase we mean the compactification of string theory.
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values of the different fields. The black hole entropy is then given by the minimum of
that function.
Unfortunately this formalism is not completely adequate in the full quantum theory.
There can be non-local and/or non-analytic terms in the action coming from the inte-
gration of massless fields. In this case the Wald formalism can not be applied since it
requires a local and gauge invariant action. Moreover it is in our interest to compute not
just perturbative but also non-perturbative corrections to the Wald entropy as suggested
by the microscopic answers. Thus even defining the proper notion of quantum entropy
presents important conceptual problems. In an attempt to solve these issues Sen proposes
a different formalism called quantum entropy [8, 9]. The idea is based on AdS2/CFT1 cor-
respondence and gives a quantum version of the entropy. In summary, we are instructed
to compute a path integral of string theory on AdS2 with a Wilson line insertion at the
boundary. The holographic correspondence then relates this observable to the degeneracy
of the black hole. In contrast with higher dimensional cases, in AdS2 the electric fields are
non-normalizable modes and therefore they have to be fixed while performing the path
integral. This is equivalent to fixing the charges instead of the chemical potentials which
means that we are working in the microcanonical ensemble. For large charges the path
integral is peaked at the classical attractor saddle point and the computation reduces to
that of the entropy function. Since the equations of motion are no longer implied we can
compute both perturbative and non-perturbative contributions in a systematic way.
• Supersymmetric Localization
For supersymmetric theories we can hope to use supersymmetric localization to compute
exactly a path integral [10, 11, 12]. In a few words, localization means deforming the
original physical action by a Q-exact term of the form tQV , where Q is the action of
some supersymmetry. If both the deformation and the observable, we are interested
in computing, are supersymmetric by themselves, then it can be shown that the path
integral does not depend on t. This is very practical because we can choose a parameter
t where the computation is more convenient. In the limit t → ∞ the deformation tQV
dominates over the original physical action and the semiclassical approximation becomes
exact since, in this case, t plays the role of ~−1. Application of this technique in a path
integral requires the supersymmetry Q to be realized off-shell. Fortunately for us, there
is an off-shell formulation of supergravity even though only eight SUSYs are realized
[13, 14, 15, 16]. When this formalism is applied to supergravity on AdS2 × S2 the path
integral localizes to a subspace where the scalar fields can be excited above their attractor
values at the cost of exciting the auxiliary fields [17]. The solution is labeled by nV + 1
constants where nV is the number of vector multiplets in the theory. Using this technique
we were able to reduce a very complicated path integral to a finite dimensional integral
which resembles very much the formula proposed by Ooguri, Strominger and Vafa [18] but
with some important differences. These differences include for example loop determinants,
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instantons or subleading orbifold saddle points. Once they are taken into account it should
be possible to reproduce exactly the microscopic answers.
For large black holes in N = 8 string theory the microscopic answer has a simple ex-
pression given in terms of a Jacobi form. The degeneracy can be written as a sum of
Bessel functions in an exact expansion called Rademacher expansion. Using localization
techniques we were able to reproduce all these terms for arbitrary values of the charges
except for Kloosterman sums that can in principle be computed [19]. In this analysis we
do a careful treatment of the measure on the localization locus which reveals crucial for
the exact matching.
The big goal is to establish an exact equality between a degeneracy computed from the
microscopic degrees of freedom and the quantum entropy computed from gravity. This
obviously implies two big tasks,
– The first is to compute the expectation value of a Wilson line in AdS2 by performing
a path integral over the horizon string fields. The localization technique is extremely
useful in this case.
– The second is to compute precisely the microscopic degeneracy using some weak
coupling description in the same spirit of Strominger and Vafa [20].
For large charges both tasks simplify. In this regime we can use a Cardy formula to
compute the microscopic degeneracy. On the gravity side large charge means large horizon
radius and therefore we can neglect higher derivative corrections. The entropy area law
suffices in this case. Performing both tasks exactly is equivalent as establishing an exact
AdS2/CFT1 holography.
• Microscopic counting
The success of Strominger and Vafa black hole inspired many other works. Results in
microscopic BPS counting flourished. For quarter BPS black holes in N = 4 string
theory the results are particularly interesting. The microscopic partition function is given
in terms of the fourier coefficients of a Siegel modular form, which is a very rich object
from the mathematical point of view. Part of this review is devoted to the analysis of the
quarter-BPS dyon spectrum in these theories and to the construction of the corresponding
partition functions. Previous works [21, 22, 23, 24, 25, 26, 27, 28, 29, 30] concern the
spectrum of dyons which obey a particular primitivity constrain on the charges. As first
noted in [31], I = gcd(q∧p) is the only discrete invariant relevant in this problem, where
(q,p) denotes the dyonic electric and magnetic charges vectors respectively. Consider the
charge lattice Λ where both the electric q and magnetic p charge vectors live. These charge
vectors generate a two dimensional lattice inside Λ. The invariant I basically counts the
number of unit cells of Λ inside a cell bounded by q and p. A primitive dyon corresponds
to a unit cell. When the primitivity condition is relaxed additional difficulties arise in the
microscopic counting mainly due to the analysis of multi-particle bound states at threshold
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[32]. Without loss of generality we consider the case when the electric charge vector q
is a multiple I of a primitive vector while p is primitive. In type IIB frame this implies
studying a system of D-branes weakly interacting with a I KK-monopoles. We study the
low energy theory and propose a two dimensional supersymmetric sigma model [30]. A
modified elliptic genus then gives an index which is consistent with previous constructions
[33, 29] and passes many physical tests. In brief, the index found is given in terms of the
fourier coefficients of the primitive answer and carries a non-trivial dependence on the
divisors of I. In [34] we propose a non-trivial check of the counting formula. We map
a particular set of states to perturbative momentum-winding states of IIA string theory
where the counting can be easily done and agreement is found for any value of I.
• Cardy limit and AdS3/CFT2 correspondence
In the last section we focus on a different approach based mostly on AdS3 rather than
AdS2. Instead of computing the entropy valid for any charge we consider the simpler
case when only one of the charges is very large keeping the other charges arbitrarily finite.
The result is exact in the limit considered and is able to probe details of the phase we
are working on [35]. The main result is: for black holes which preserve at least four
supercharges the asymptotic growth of the index has a Cardy like formula with an effective
central charge that is given by a linear combination of the coefficients of the Chern-Simons
terms computed at asymptotic infinity. Whenever a black hole has a factor AdS2 × S1 in
the near horizon geometry we can view it as an extremal BTZ black hole living in AdS3
space in the limit when the circle S1 has a very large radius. The momentum along the
circle corresponds to the angular momentum J of the BTZ black hole. Then the extremal
condition M = J implies that we are counting states of large mass and therefore we
can use a Cardy formula. In this case holography is extremely powerful since it relates
the central charges, which are anomaly coefficients in the CFT, to the coefficients of
the Chern-Simons terms living in the bulk of AdS3 [36, 37, 38]. Note that the entropy
formulas obtained are exact in the limit considered, that is, when only one of the charges
is taken to be very large while keeping the remaining finite. During the analysis we found
convenient to consider a macroscopic index that captures all the degrees of freedom from
the horizon till asymptotic infinity. In the process we need to take into account additional
contributions from external modes to the bulk of AdS3.
The review is organized as follows. In section §2 we give exact results on the microscopic
counting of both primitive and non-primitive dyons. In section §3 we explain the quantum
entropy formalism based on the AdS2/CFT1 correspondence and its relation with the micro-
scopic index. In section §4 we use localization of supergravity on AdS2 × S2 to reduce a very
complicated path integral to a finite dimensional integral. We end discussing its relation to
the OSV proposal. In section §5 we apply our results from localization in the problem of large
black holes in N = 8 string theory. Since the microscopic answer is known exactly we conclude
by comparing both the macroscopic and microscopic answers which agree exactly for any finite
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charge. In the last section we study the index in the particular charge limit where only one of
the charges is taken to be very large. In this regime of charges the AdS3 point of view becomes
more useful.
2. Microscopic counting
In string theory the Newton’s constant GN is proportional to the square of string coupling gs.
As a consequence the gravitational attraction, proportional to GNM , with M the mass of the
object, can be made arbitrarily small by decreasing gs. In particular, for fundamental strings
and D-branes GN M goes as g
2
s and gs respectively while for the KK monopole or NS5-brane
they are of order one. In this regime of very weak string coupling we can turn off gravity and
“dissolve“ the black hole. The space becomes flat and these objects weakly interact. In this
regime we can count the microscopic BPS states by quantizing the low energy theory of the
system.
The first successful example in matching the microscopic degeneracy with the Bekenstein-
Hawking entropy is the Vafa and Strominger five dimensional black hole [20]. They consider a
system of D1 and D5-branes wrapping cycles of K3 × S1 in type IIB string theory along with
momenta through the circle. Effectively we see a five dimensional black hole carrying electric
and magnetic charges. The low energy theory of the branes is a two dimensional supersymmetric
conformal field theory. In the limit of large charges we can use a Cardy formula to compute
the entropy of BPS states while on the black hole regime the entropy has the area law. Both
answers perfectly agree.
For a large class of supersymmetric black holes it is known that the number of BPS states
is constant over regions of the moduli space separated by codimension one walls where the
states are marginally stable against decay [39, 40, 41, 42, 43, 44]. The constancy of the de-
generacy follows from the non-renormalization of the mass of a state that saturates the Bo-
gomol’nyi–Prasad–Sommerfeld bound, that is, of a BPS state. In other words the mass M
equals the central charge Z(Q) which is perturbatively not renormalized and therefore these
BPS states sit in multiplets of shorter dimension. Due to this property, we can work in a region
of the moduli space where string theory is weakly coupled, count the number of BPS states and
then extrapolate this result to strong coupling, in the black hole regime. In the limit of large
charges, or thermodynamic limit, the curvature of the horizon becomes small and the entropy
is given by the Beckenstein-Hawking area law.
To count BPS states we use an index. This has the property of being invariant under
continuous deformations of the theory. This is exactly what we mean by the constancy of the
number of BPS states over the moduli space. In particular we use a helicity trace index or
spacetime index. As a matter of fact, the index counts the number of bosonic minus fermionic
states and therefore it can be zero or even negative. This is puzzling because ultimately we
want to compare it with the exponential of the Beckenstein-Hawking entropy which is a strictly
positive quantity. The usual understanding is that the number of states that get paired up is
subleading in the large charge limit. Later we will see that the correct thing to do is to compare
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this microscopic index with an index constructed from the black hole solution. This issue will
be analysed in section §6 where we make a clear distinction between index and degeneracy.
Since the index is invariant under U-duality it becomes important to classify duality orbits
and corresponding charge invariants. For dyons in N = 4 string theory with electric and
magnetic charge vectors Q and P we can construct many duality invariants out of the charges.
Apart from the continuous T-duality invariants Q2, P 2 and Q.P there is one discrete U-duality
invariant I = gcd(Q ∧ P ) which is particularly important in this problem. Very basically it
encodes a primitivity condition in the dyon charge vector. A primitive dyon is one for which
I = 1. Previous works in N = 4 string theory concern the spectrum of primitive dyons
[45, 46, 23, 22, 24, 26, 47, 48]. The main focus of this section is the counting of quarter-BPS
states when the primitivity condition is relaxed. We propose a two dimensional supersymmetric
sigma model whose index captures the spectrum of non-primitive dyons [30]. The resulting index
is consistent with many physical tests including a perturbative test [34] and is in agreement
with the answer proposed in [33, 29].
This section is organized as follows. In section §2.1 we consider the low energy theory of
Heterotic string on T 6 and give general properties of quarter BPS dyons. In section §2.2 we
focus on U-duality and classification of orbits via charge invariants. In particular we identify an
important U-duality invariant I on which the counting depends non trivially. Further in section
§2.3 we analyse the role of invariant I in the microscopic counting, explaining the construction
of the partition functions in the cases I = 1 and I > 1.
2.1 Heterotic string on T 6: generalities
We consider heterotic string theory compactified on a six-dimensional torus T 6. This is a four-
dimensional string theory with N = 4 supersymmetry or sixteen supercharges. It can have a
dual description as IIA or IIB string theory compactified on K3× T 2 .
The four-dimensional low energy theory contains the metric gµν , the axion-dilaton λ =
a + ie−2φ and six U(1) gauge fields Aµ together with their susy partners sitting in the gravity
multiplet. It contains in addition 22 vector multiplets. Each of these contains a U(1) gauge
field and six real scalars plus susy partners. The axion-dilaton together with the 132=22x6
scalars from the vectors parametrize the moduli space of the theory
SL(2,R)
SL(2,Z)× SO(2) ×
SO(22, 6;R)
SO(22, 6;Z)× SO(22,R)× SO(6,R) . (2.1)
This theory has U-duality group
G(Z) = SL(2,Z)× O(22, 6;Z) (2.2)
where the first factor corresponds to electric-magnetic duality and the second factor corresponds
to T-duality.
The 28 gauge fields can carry electric and magnetic Q,P charges which can be arranjed in
the dyon charge vector
Γi =
[
Qi
P i
]
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The index ’i’ stands for the vector representation of SO(22, 6;Z) and the electric-magnetic
duality acts on the pair (Q,P ) by an SL(2,Z) transformation. This is also the S-duality
symmetry of the four dimensional theory that acts on the axion-dilaton. Both the dyon and
the axion-dilaton transform as
λ→ aλ+ b
cλ+ d
,
[
Q
P
]
→
(
a b
c d
)[
Q
P
]
with
(
a b
c d
)
∈ SL(2,Z)
The N = 4 superalgebra has central charges Z1(Γ, φ∞) > Z2(Γ, φ∞). A dyon with mass M
that saturates the BPS bound M = Z1(Γ, φ∞) will preserve 1/4 of the supersymmetries. Note
the dependence on the moduli φ∞ measured at infinity. For certain values of φ∞ the state can
become marginally stable against decay into 1/2-BPS states. These regions are codimension
one and are called walls of marginal stability [40] . As a consequence the index will jump.
A 1/4-BPS dyon breaks 12 supercharges out of 16. The 12 fermion zero modes associated
with the broken susys make the Witten index Tr(−1)F vanish. To correctly account for the
additional fermion zero modes we need to use a modified index [27]. Also known as helicity
trace index or spacetime index, it is defined as
B6(Γ, φ∞) = − 1
6!
Tr(−1)F (2h)6 (2.3)
where h is the helicity quantum number and F = 2h is the fermion number. The insertion
of (2h)6 in the usual Witten index has the effect of rendering the trace over the fermion zero
modes non-zero.
Lets work in more detail the contribution of the fermion zero modes. Each pair carries
h = ±1/4. To simplify the counting we compute first g(y) = − 1
6!
Tr(−1)Fy2h and the index
B6 becomes the sixth derivative of g(y) at y = 1. Tracing over the six complex fermion zero
modes we obtain g(y) = 1
6!
(y1/2 − y−1/2)6 which, after differentiation, gives the net result of 1.
In most of the cases we use the Witten index Tr′(−1)F where the ’ denotes that the trace over
the fermion zero modes has been carried out. Moreover long supermultiplets carry additional
fermion zero modes so they won’t be captured by B6.
The index B6 should be U-duality invariant. This translates to
2
B6(Γ, φ∞) = B6(Γ
′, φ′∞) (2.4)
where both Γ and Γ′ and φ∞ and φ
′
∞ are related by a G(Z) transformation. If two dyons belong
to the same duality orbit, immediately we know that they have the same index. In the problem
of microstate counting it is important to identify duality orbits through charge invariants.
Both the electric and magnetic charge vectors live in a Γ22,6 Narain lattice from which we
can construct the continuous T-duality invariants
Q2 = QTLQ, P 2 = P TLP, Q.P = QTLP (2.5)
2Note this equation is only valid in a region of the moduli space. At special codimension one regions the
index can jump. Phenomena also known as wall-crossing.
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with L the SO(22, 6,R) invariant metric.
One important continuous U-duality invariant is the quartic Cremmer-Julia invariant
∆(Γ) = det(ΓΓT ) = Q2P 2 − (Q.P )2. (2.6)
Later we will see that the entropy is proportional to
√
∆. Because the U-duality group is discrete
we can have more interesting invariants. One of major importance in the characterization of
duality orbits is the arithmetic invariant [31]
I = gcd(Q ∧ P ) = gcd(QiPj −QjPj). (2.7)
This invariant will play an important role in the counting of 1/4-BPS dyons.
2.2 Duality orbits and invariants
As mentioned before, N = 4 string theory has U-duality symmetry
G(Z) = SL(2,Z)× SO(22, 6;Z) (2.8)
composed of S and T-duality symmetries. As a consequence the index should be invariant under
U-duality transformations of the charge vectors.
Under a rotation Ω ∈ SO(22, 6;Z), the charge vectors transform as
Q→ ΩQ, P → ΩP, (2.9)
while the Lorentzian metric L and the Narain lattice Λ are left invariant
ΩTLΩ = L, ΩΛ = Λ. (2.10)
As mentioned before we can construct the T-duality invariants Q2, P 2 and Q.P which are left
invariant under the continuous G(R) ⊃ G(Z) U-duality group. Additional discrete invariants
can be constructed. These are necessary to completely characterize a T-duality orbit.
Consider a dyon with primitive (Q,P ) charge vectors, that is, a dyon that cannot fragment
into ”smaller” dyons. This means that the charge vector cannot be written as multiple of a
(Q0, P0) vector but it doesn’t imply that the electric and magnetic charge vectors have to be
individually primitive. We can represent these charge vectors in a sublattice Λ0 generated by
e1, e2 as
Q = r1e1, P = r2(u1e1 + r3e2), r1, r2, r3, u1 ∈ Z+ (2.11)
such that gcd(r1, r2) = gcd(r3, u1) = 1 and 1 ≤ u1 ≤ r3. Recent work on the classification of
SO(22, 6;Z) T-duality invariants [49] allows the identification of the set of integers
Q2, P 2, Q.P, r1, r2, r3 and u1 (2.12)
as the complete set of T-duality invariants.
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In these variables the discrete U-duality invariant I becomes r1r2r3. This means that for
a primitive dyon, that is, for a dyon with I = 1, r1 = r2 = r3 = u1 = 1 and therefore the
orbit becomes labelled by Q2, P 2 and Q.P only. As a matter of fact the partition function
for a primitive dyon depends only on the continuous invariants. For non-primitive dyons it is
expected the index B6 to have non trivial dependence on I and the remaining integers.
We can also explore the consequence of S-duality on these integers. It was shown in [50]
that the set (r1, r2, r3, u1) can be brought to the form (I, 1, 1, 1) by an SL(2,Z) transformation.
The charge vector acquires a much simpler representation
Q = Ie′1, P = e
′
1 + e
′
2. (2.13)
In this new ”frame” the derivation of the dyon partition function becomes easier since most
of the invariants are trivial. Moreover the set (I, 1, 1, 1) is left invariant under the action of
a subgroup Γ0(I) of SL(2,Z) and therefore we expect the index B6 to exhibit this symmetry
explicitly. The subgroup Γ0(I) is defined by matrices(
a mod(I)
c d
)
∈ SL(2,Z)
2.3 The dyon partition function
The Siegel modular form Φ10 is for 1/4-BPS dyons as the ramanujan function ∆ = η
24 is for
1/2-BPS states. The first is a modular form of Sp(2,Z), the modular group of genus two
riemann surfaces, while the second is the lower dimensional version, that is, for genus one
surfaces. Using this analogy and consistency with electric and magnetic duality, lead Dijkgraaf,
Verlinde and Verlinde [45] long time ago to propose Φ−110 as the dyon partition function. This
clue was remarkable and many other works followed in its derivation [51, 46, 22, 24].
In the work [26], which we review next, the authors gave a detailed derivation of the dyon
partition function from first principles. Nevertheless only primitive dyons were concerned. Later
it was shown in [31] that the discrete invariant I plays a non-trivial role in the counting. In
[29, 33] the authors consider the case I > 1 and propose a degeneracy formula based on duality
symmetries and consistency checks much like Dijkgraaf, Verlinde and Verlinde did. Following
this proposal, in [30] we attempt to give a physical sigma model interpretation of that result.
2.3.1 Primitive dyons: I = 1
Also known as Igusa cusp form, Φ10 is the unique weight 10 form of Sp(2,Z). It depends on
three complex numbers which encode the modular parameters of a genus two riemann surface.
They can be packaged in a symmetric two dimensional matrix
τ =
(
ρ v
v σ
)
taking values in the Siegel upper half plane, defined as
Im(ρ) > 0, Im(σ) > 0, Im(ρ)Im(σ)− Im(v)2 > 0. (2.14)
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Under a transformation
g =
(
A B
C D
)
∈ Sp(2,Z)
with A,B,C,D 2× 2 matrices, the matrix τ transforms as
τ → τ ′ = (Aτ +B)(Cτ +D)−1 (2.15)
in analogy with Sp(1) modular transformations in a torus. Correspondingly Φ10 shows the
modular property
Φ10(τ
′) = det(Cτ +D)10Φ10(τ). (2.16)
The subgroup SL(2,Z) can be realized in Sp(2,Z) via matrices of the form
g =
(
AT 0
0 A−1
)
with A ∈ SL(2,Z)
As can be easily checked this transformation leaves Φ10 invariant. As explained before, SL(2,Z)
invariance of the index concerns the set (r1, r2, r3, u1) = (1, 1, 1, 1), that is, of primitive dyons.
The index is extracted performing an inverse fourier transform of Φ−110
B6(Γ, φ∞) = (−1)Q.P+1
∫
C(φ∞)
d3τ
e−πiΓ
T τΓ
Φ10(τ)
. (2.17)
where the integration goes over a three dimensional torus
0 ≤ Re(ρ) ≤ 1, 0 ≤ Re(σ) ≤ 1, 0 ≤ Re(v) ≤ 1 (2.18)
at fixed large values of the imaginary part of τ
Im(ρ)≫ 1, Im(σ)≫ 1, Im(v)≫ 1. (2.19)
This defines the integration countour C. Note the dependence of the integration contour on the
moduli space measured at infinity φ∞. Later we show that this dependence can lead to wall
crossing. As expected from the analysis of duality orbits of I = 1 the index shows dependence
on only Q2, P 2 and Q.P via ΓT τΓ = Q2ρ+ P 2σ + 2Q.Pv.
2.3.2 Derivation from physical grounds
This section is based on [26] which we review in the following.
Without loosing generality we can restrict to a charge sub-lattice Γ2,2 ⊂ Γ22,6 corresponding
to the reduction on a particular two-torus T 2 = S1 × S˜1. In this sector we have four electric
and four magnetic charges. The charge configuration is taken be of the form
Γ =
[
Q
P
]
=
[
n˜ n w˜ w
W W˜ K˜ K
]
H
.
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where the indice H denotes the heterotic frame. The charges n, n˜ denote momentum on the
circles S1 and S˜1 respectively while w, w˜ stand for winding charges on the respective circles. The
magnetic chargesW, W˜ correspond to NS5-branes wrapped on S1×T 4 and S˜1×T 4 respectively.
Additionally we can have Kaluza-Klein monopoles K, K˜ associated with the circles S1 and S˜1
respectively. We endow the lattice Γ2,2 with a metric L invariant under SO(2, 2,Z),
L =
(
02×2 12×2
12×2 02×2
)
.
With this metric we construct the T-duality invariants
Q2 = 2(n˜w˜ + nw), P 2 = 2(WK˜ + W˜K), Q.P = n˜K˜ + nK +Ww˜ + W˜w (2.20)
In the presence of NS5-branes the microscopic theory is strongly coupled and there’s not
much information we can extract. We avoid this problem by going to the IIB frame and consider
a system of D-branes coupled to KK monopoles where a weakly coupled description is available.
We perform the following chain of dualities. A string-string duality maps Heterotic string on
T 4×S1× S˜1 to IIA on K3×S1× S˜1 which is further T-dualized to give IIB on the dual circle
Sˆ1 and finally we do a ten dimensional S-duality. Lets see more carefully what is happening to
the charges under this chain of transformations.
1. Six dimensional string-string duality, Het to IIA: the momentum and kaluza klein
charges don’t transform while the Poincare´ electric-magnetic duality of the six dimensional
NS-NS B field takes winding charge to NS5-brane charge and vice-versa.
Γ =
[
Q
P
]
=
[
n˜ n W˜ W
w w˜ K˜ K
]
IIA
.
2. T-duality along S˜1, IIA to IIB: this duality maps IIA on the circle S˜1 to IIB on
the dual circle Sˆ1. The momentum and winding charges associated with this circle are
exchanged. The same happens for NS 5-branes and KK monopoles.
Γ =
[
Q
P
]
=
[
w˜ n W˜ K˜
w n˜ W K
]
IIB
.
3. Ten dimensional S-duality, IIB to IIB: this transformation maps winding charges to
D1-branes and NS 5-branes to D5-branes. Other charges remain untouched.
Γ =
[
Q
P
]
=
[
Q˜1 n Q˜5 K˜
Q1 n˜ Q5 K
]
IIB
.
Here Q1 and Q˜1 represent charges associated with D1-branes wrapping a circle S
1 and Sˆ1
respectively. Analogously Q5 and Q˜5 represent D5-branes wrapping K3×S1 and K3× Sˆ1.
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For simplicity we take a charge configuration of the form
Γ =
[
Q
P
]
=
[
0 n 0 K˜
Q1 J Q5 0
]
H
.
which corresponds to a system of Q1 D1-branes and Q5 D5-branes wrapping S
1 and K3 × S1
respectively in the background of K˜ KK-monopoles, with momentum n and J along the circles
S1 and S˜1. This configuration is also known as D1-D5-KK system. If we impose primitivity on
the charge vectors we get the following condition
I = gcd(Q ∧ P ) = gcd(Q1n,Q1K˜, nQ5, JK˜, Q5K˜) = 1 (2.21)
which can be satisfied imposing K˜ = 1 and gcd(Q1, Q5) = 1. The general case with arbi-
trary number of KK monopoles will be studied later for non-primitive dyons. The condition
gcd(Q1, Q5) is known to be a physical requirement for the existence of D1-D5 bound states at
threshold [32, 27, 28].
In weak coupling limit both the D-branes and the KK-monopole are weakly interacting.
We can see the D1-D5 brane system moving as a particle in the transverse four dimensional
Taub-Nut (TN) geometry which is the solution of Einstein’s equations in the presence of a
Kaluza-Klein monopole. The ten dimensional geometry is
ds2 = −dt2 + ds2Taub−Nut + ds2K3×S1 (2.22)
with the Taub-Nut metric given by
ds2Taub−Nut =
(
1 +
R
r
)(
dr2 + r2dθ2 + r2 sin(θ)2dφ2
)
+R2
(
1 +
R
r
)−1
(2dψ + cos (θ) dφ)2
(2.23)
The TN space has the particularity that near the origin r = 0 it looks like R4 while for large r
it asymptotes to R3× S˜1. From the point of view of the observer at infinity he sees a theory in
four-dimensions. The TN geometry possesses in addition a normalizable 2-form ω
(2)
Taub−Nut.
The microscopic theory can be described by three weakly interacting parts. Each of these
can be realized as a two dimensional supersymmetric sigma model on Rt × S1 [26]. We denote
the weakly interacting parts as
1. Higgs branch of D1-D5: describes the moduli space of vacua of the low energy theory
of the D1-D5 brane system on K3. In the Higgs branch [52] the (1,5) strings acquire vevs
forcing the D1 and D5 branes to sit on top of each other. In the IR, the low energy theory
is described by a two dimensional SCFT with sigma model the Hilbert scheme of Q1Q5+1
points on K3 which is isomorphic to the symmetric product of K3 at the orbifold point
MD1−D5 = SymQ1Q5+1(K3) (2.24)
This is a (4,4) SCFT with R-symmetry SU(2)L× SU(2)R. The R-symmetry corresponds
to rotations in the transverse space.
– 14 –
2. Center of mass motion of the D1-D5 system: it describes the vector multiplet
degrees of freedom of (1,1) and (5,5) strings. We can see the D1-D5 as a particle moving
in the TN space. From the motion on TN we have 4 scalars transforming under the
vector representation of SU(2)L×SU(2)R and 4 left-moving and 4 right-moving fermions
transforming in the fundamental of SU(2)R and SU(2)L respectively. The Taub-Nut
background breaks half the susy’s. This gives rise to a (0, 4) SCFT on R4. The sigma
model has target space
MCM = R4 (2.25)
This target space contrasts with the curved TN. We note that the index is a quantity that
doens’t depend on the parameters of the theory. We use this property to compute the
index for very large R radius which is equivalent as putting the D1-D5 at r = 0, where
TN looks like R4. This comment fails for the case of zero modes where we need to be
more careful.
3. KK monopole closed string excitations: this describes the low energies excitations of
closed strings in the Taub-Nut background. We have 3 massless scalars coming from the
breaking of R3 translation. Additionally the reduction of the Ramond-Ramond C 4-form
on ω
(2)
Taub−Nut ∧ ω(2)K3 gives 19 left-moving scalars and 3 right-moving scalars. Additionally
the NS-NS B field and the Ramond-Ramond 2-form give together 2 extra scalars. In total
we have 24 left-moving and 8 right-moving scalars. The Taub-Nut preserves half susy’s
of IIB on K3. This gives in addition 8 right-moving fermions. We denote the resulting
sigma model by σKK .
The analysis of the zero modes of the supersymmetric field theory on Taub-Nut requires
special care. The dynamics is of a N = 4 superparticle with 4 bosonic and 4 fermionic coor-
dinates moving in the Taub-Nut space. So far we have been working in a point in the moduli
space where S1 and S˜1 are orthogonal. A mixing between the circles can be achieved by a
dψ + ady translation. As a consequence the tension of D1-D5 brane system
√
gyy generates a
potential
V (r) = a2R2
(
1 +
R
r
)−1
(2.26)
which under supersymmetrization originates other fermionic terms. Under this potential super-
symmetric bound states can form and contribute to the total index.
Concerning the fermionic zero modes resulting from the broken susy’s, the analysis goes
as follows. IIB string theory on K3 × TN preserves 8 left-moving susy’s on the 1 + 1 world
volume theory. The breaking of 8 supersymmetries gives rise to 4 complex fermion zero modes.
Additionally the D1-D5 breaks 4 of the remaining 8 susy’s contributing with 2 complex fermion
zero modes. This gives a total of 6 complex fermion zero modes as expected for a 1/4-BPS
dyon.
We now proceed to the construction of index.
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We use the index B′6 = Tr(−1)2h where tracing over fermion zero modes has been carried
out. We find convenient to compute the generating function, also known as elliptic genus,
χ(q, q, y, y˜;M) = TrR-R(−1)2JL−2JRqL0qL0y2JLy˜2JR (2.27)
with
q = e2πiρ, y = e2πiv, y˜ = e2πiv˜, (2.28)
which corresponds to the partition function of the sigma model with Ramond-Ramond boundary
conditions. The generators L0 and L0 are the usual left and right Virasoro dilatation generators
while JL and JR correspond to the Cartan generators of SU(2)L × SU(2)R, the little group in
five dimensions. We contrast this with the little group in four dimensions which is SO(3). Due
to the particular fibration structure of the TN space (2.23) there is an interesting connection
between five and four dimensional black holes known as 4d-5d lift [46]. While at the tip of TN
space the geometry looks like R4, at asymptotic infinity it looks like R3 × S˜1. If now we put
the D1-D5 system at the tip of the TN, the transverse space looks five dimensional. Therefore
we can relate the degrees of freedom of the five dimensional BMPV black hole [53] to the D1-
D5-KK four dimensional black hole. The rotation generator JL measured at r = 0 is further
identified with U(1) translations on the circle S˜1 at asymptotic infinity.
Due to supersymmetry, the right movers are forced to stay in the ground state and therefore
the dependence of the function χ on q drops meaning that only BPS states are being counted.
We now show the different contributions to the generating function:
1. Higgs branch of D1-D5:
∞∑
N=0
pN−1χ(q, y;SymN(K3)) =
1
p
∏
n≥1, m≥0, l∈Z
1
(1− pnqmyl)c(4nm−l2) (2.29)
with c(n) defined via the equation
χ(q, y;K3) = 8
[
v2(τ, z)
2
v2(τ, 0)2
+
v3(τ, z)
2
v3(τ, 0)2
+
v4(τ, z)
2
v4(τ, 0)2
]
=
∑
n, j∈Z
c(4n− j2)e2πin+2πijz (2.30)
2. CM contribution:
χ(q, y;R4) =
∏
n≥1(1− qn)4∏
n≥1(1− qny)2(1− qny−1)2
(2.31)
3. KK closed string excitations:
χ(q, σKK) = Tr(−1)F qL0qL0 = 1
q
1∏
n≥1(1− qn)24
(2.32)
This is a four dimensional index. States don’t carry charge n˜ and dependence on y drops.
This index is the same as the 1/2-BPS index that counts electric states in the heterotic
string. In fact the system KK-P can be mapped to Heterotic momentum-winding states
using duality symmetry.
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4. N = 4 superparticle in Taub-Nut:
Tr(−1)F yJ˜ =
∑
j≥1
je2πijv =
e2πiv
(1− e2πiv)2 (2.33)
where J˜ is the momentum charge on the circle S˜1. Note that the last expression can be
expanded either in powers of e2πiv or e−2πiv. This generates ambiguity when trying to
extract the fourier coefficient. We show later that this is related to wall-crossing.
Putting all factors together we get
− 1
pqy
∏
n,m≥0,l∈Z
l<0 for k=l=0
1
(1− pnqmyl)c(4nm−l2) (2.34)
with
p = e2πiσ, q = e2πiρ, y = e2πiv (2.35)
which is equal to −Φ−110 .
The chemical potentials ρ, σ and v couple to P 2 = 2Q1Q5, Q
2 = 2N and Q.P = J˜
respectively. To extract the index B6 we perform an inverse fourier transform
B6(Q
2, P 2, Q.P ) = (−1)Q.P+1
∫
C
dρdσdv
e−iπρQ
2−iπσP 2−2πivQ.P
Φ10(ρ, σ, v)
(2.36)
where the contour C is as given in (2.18,2.19). The additional factor (−1)Q.P is reminiscent of
going from five to four dimensions [46, 23].
2.3.3 Consistency checks
In the limit of large charges Q2 ≫ 1, P 2 ≫ 1 and Q.P ≫ 1 we can make an asymptotic
expansion of B6 (2.36). The leading term can then be compared with the black hole entropy
valid in the same limit. The idea is to deform the contour C such that it passes near a pole
whose residue contribution is much leading than the left over integral [45, 26, 54]. The Siegel
form Φ10 has second order zeros at
n2(ρσ − v2) + bv + n1σ −m1ρ+m2 = 0, (2.37)
with n1, n2, m1, m2 ∈ Z and b ∈ 2Z+ 1 obeying the condition n1m1 + n2m2 + b2/4 = 1/4. The
residue at (n1, n2, m1, m2, b) = (1, 0, 0, 0, 1), modulo SL(2,Z) transformations, gives the leading
term in the asymptotic expansion which is the correct result for the entropy
B6(Q
2, P 2, Q.P ≫ 1) ≈ eπ
√
∆(Q,P ) +O(eπ
√
∆
2 ) (2.38)
Subleading perturbative corrections to the microscopic answer can be computed. In fact for
sufficiently large charges we can approximate B6 by
B6 ≈ K0(−1)Q.P
∫
d2τ
τ 22
(
26 +
π
τ2
|Q+ τP |2
)
e
π
2τ2
|Q+τP |2−24 ln η(τ)−24 ln η(−τ )−12 ln(τ2) (2.39)
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which in the saddle point approximation reduces to (2.38). Subleading non-perturbative cor-
rections are suggestive of multi-center black hole contribution [54].
The residues for n2 = 0 are even more subleading. They encode phenomena associated with
wall-crossing. Although the integrand in (2.36) is manifestly SL(2Z) invariant the contour is
not. After such transformation we may cross a pole in deforming the contour to its original
form. It happens that only a pole n2 = 0 can be crossed in the deformation. Take for example
the residue at (n1, n2, m1, m2, b) = (0, 0, 0, 0, 1) which corresponds to the pole v = 0. Near this
pole the partition function behaves like
1
Φ10
≈ 1
v2η24(ρ)η24(σ)
(2.40)
In this case the index jumps by the amount
∆B6 = Resv=0 = (−1)Q.P (Q.P )
∫
e−πiρQ
2
η24(ρ)
∫
e−πiσP
2
η24(σ)
(2.41)
In a different context, this can be easily recognized as the Denef’s split attractor formula for
1/2-BPS black holes in N = 2 supergravity [39, 43, 44]
∆Ω = (−1)〈Γ1,Γ2〉〈Γ1,Γ2〉Ω(Γ1)Ω(Γ2) (2.42)
with 〈Γ1,Γ2〉 = Q.P and Ω(Γ) is the index that counts 1/2-BPS states. In N = 4 string theory
the index that counts 1/2 BPS states is [55]
d1/2(Q
2) =
∫
e−πiρQ
2
η24(ρ)
(2.43)
From a microscopic point of view we can understand the jump in the index as the decay of
a 1/4-BPS dyon into its 1/2-BPS constituents, that is,
(Q,P )→ (Q, 0) + (0, P ). (2.44)
From the gravity point of view it corresponds to the appearance or disappearance of a two
center black hole [56]. In fact for large charges the jump in the index can be interpret as
coming from the contribution of two centers which are very far from each other
ln(∆B6) ≈ 2π
√
Q2 + 2π
√
P 2. (2.45)
Other poles with n2 = 0 correspond to more complex decays which are basically related by a
SL(2,Z) transformation to the v = 0 case. For more details we refer the reader to [40].
Physically the picture is the following. The SL(2,Z) transformation acts not just on the
charges but also on the axion-dilaton λ∞. Since the mass has a non-trivial dependence on λ∞ it
will change as we move on the moduli space. When the mass of the quarter-BPS dyons equals
the sum of the masses of the half-BPS dyons for λ∗, that is,
m1/4−BPS(Q,P )|λ∗ = m1/2−BPS(Q) +m1/2−BPS(P ) (2.46)
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it becomes marginally stable and can decay into its 1/2-BPS constituents. The regions in the
moduli space where the dyon becomes marginally stable are codimension one walls. Schemati-
cally we have the moduli space divided into chambers (X,X ′, X ′′, . . .) separated by codimension
one walls. The index B6 is piecewise constant in these chambers.
Consider the example of a dyon with Q2 = P 2 = −1 and Q.P = j > 0. We can easily
extract the index B6 from (2.33). It gives B6 = (−1)j+1j. Under a S-duality transformation[
Q
P
]
→
(
0 1
−1 0
)[
Q
P
]
the T-duality invariants are mapped to Q2 = P 2 = −1 and Q.P = −j < 0. This is equivalent
to the change of contour Imv → −Imv. In deforming the countour to its original value we
pick a residue at v = 0. In this case the jump is easy to compute and formula 2.41 gives
∆B6 = (−1)j+1j. At the same time the axion-dilaton gets transformed to −1/λ and the dyon
jumps from one chamber to another separated by a wall at Re(λ) = 0. In this new chamber
the index (2.33) only contains positive powers of e2πiv which gives a zero index consistent with
the predicted jump.
In [57] the authors propose a contour which captures only the contribution from single
center black holes. In this case the index becomes moduli independent and therefore the dyon
is free from decaying. The prescription is the following
Im(ρ) = Λ
( |λ|2
λ2
+
Q2R√
∆R
)
(2.47)
Im(σ) = Λ
(
1
λ2
+
P 2R√
∆R
)
(2.48)
Im(v) = −Λ
(
λ1
λ2
+
QR.PR√
∆R
)
(2.49)
with Q2R = Q
T (M + L)Q, P 2R = P
T (M + L)P , QR.PR = Q
T (M + L)P and ∆R = Q
2
RP
2
R −
(QR.PR)
2. The matrix M is a symmetric 28 × 28 matrix which encodes the 132 moduli of the
theory and obeys the constraint MTLM = L, with L the metric on Γ6,22. The scalar λ is the
axion-dilaton. The parameter Λ is taken to be very large to ensure the dyon doesn’t leave this
chamber.
2.4 Non-primitive dyons: I > 1
Derivation of the spectrum of non-primitive dyons from physical grounds is more complex. As
a matter of fact, it was noted long time ago that the counting of non-primitive charge vectors,
in the context of toroidally compactified IIB string theory, was a difficult problem [27]. The
case of the D1-D5 system with Q1 and Q5 not coprime is a good example. Since the system
can split at no cost of energy, this signals the presence of singularities in the moduli space of
the low energy theory [32].
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In the case of 1/4-BPS dyons with non-primitive charge vectors, similar difficulties are
encountered. Consider a charge configuration of the form
Γ =
[
Q
P
]
=
[
0 nI 0 kI
Q1 J Q5 0
]
H
. (2.50)
with (Q1, Q5) coprime. We choose charges such that gcd(Q∧ P ) = I > 1. In this case we have
to consider a configuration multi KK-monopoles. If we were to repeat the analysis done in the
I = 1 case, we would face the following difficulties
1. Multi KK monopoles have collective coordinates which parametrize a non-trivial moduli
space. The study of bound states in this background is a very difficult problem.
2. The multi KK geometry admits I non-trivial 2-cycles. For each pair of KK monopoles
there is a 2-cycle that touchs both of them [58]. The area of this 2-cycle is proportional
to the distance between the two centers and approches zero when the monopoles touch
each other. A D3-brane wrapping such cycle will give rise to tension less strings [59]. In
the counting we should consider a possible contribution from these strings.
Aware of these problems, the authors in [29, 33] proposed an index formula much as Dijk-
graaf, Verlinde, Verlinde have made for the case of primitive dyons. This formula is consistent
with many properties known for non-primitive dyons and corresponding black holes. The pro-
posed index has the form
d(Q,P ) = (−1)Q.P+1
∑
s|I
s4
∫
C(s)
d3τ
e−πiΓ
T τΓ
Φ10(ρ, s2σ, sv)
(2.51)
with contour
C(s) : 0 ≤ Reρ ≤ 1, 0 ≤ Reσ ≤ 1
s2
, 0 ≤ Rev ≤ 1
s
. (2.52)
After a simple manipulation we can write it in a more convenient form
d(Q,P ) =
∑
s|I
s d1
(
Q2
s2
, P 2,
Q.P
s
)
(2.53)
where d1(a, b, c) denotes the fourier coefficient extracted from the primitive answer (2.36). The
main driving principle for the such construction is based on wall crossing for non-primitive
decay. In the case of a primitive decay3, there is a one to one correspondence between the
decay and the pole in Φ−110 . That is, take the most general primitive decay
(Q,P )→ (αQ+ βP, γQ+ δP ) + (δQ− βP,−γQ+ αP ) (2.54)
with αδ = γβ and α + δ = 1. The set of integers (α, β, γ, δ) gives the location of the pole at
ργ − σβ + v(α− β) = 0.
3A primitive decay is one for which the products of the decay are primitive dyons.
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Once I > 1 a marginally stable dyon can decay into products which are non-primitive. This
allows for a larger set of integers (α, β, γ, δ). In [33] they postulate that such correspondence
should remain even in the non-primitive case. This was helpful in suggesting part of the pole
structure of the partition function which is indeed that of (2.51).
Take the example of a non-primitive decay
(IQ0, P )→ (IQ0, 0) + (0, P ). (2.55)
associated with the pole at v = 0. The wall crossing formula extracted from the residue of
(2.51) gives a jump of the form
∆d(Q,P ) = (−1)Q.P (Q.P )
∑
s|I
d1/2(Q
2/s2)d1/2(P
2) (2.56)
Again for large charges, the term s = 1 in (2.51) gives the leading contribution reproducing
correctly the black hole entropy
d(Q,P ) ≈
∑
s|I
eSBH/s. (2.57)
with SBH = π
√
∆.
One additional requirement is the invariance of the index under Γ0(I) ∈ SL(2,Z). S-duality
invariance demands that Γ′T τΓ′ = ΓT τ ′Γ with τ ′ = (hT )−1τh−1 and h ∈ Γ0(I). By embedding
this subgroup in Sp(2,Z) via
g =
(
(hT )−1 0
0 h
)
with h ∈ Γ0(I)
we can show that the integrand (2.51) is left invariant due to
Φ10(ρ
′, s2σ′, sv′) = Φ10(ρ, s
2σ, sv). (2.58)
There is yet another important check to this formula. At special points in the moduli space
of the heterotic string on T 6 we can have enhanced gauge symmetry. Away from these points
the symmetry is spontaneously broken and the moduli fields play the role of the Higgs field. If
their vevs are small the symmetry breaking scale is small compared to the string scale. In this
case the theory contains states with masses much smaller then massive string states and should
be part of the dyon spectrum. In particular it should include 1/4-BPS dyons of N = 4 SYM.
Dyon charges in SU(N) gauge theory are labelled by N-dimensional root vectors labelled
by a pair (q, p). It can be shown that a primitive embedding of the root lattice in the Narain
lattice is possible. This means that
I = gcd(Q ∧ P ) = gcd(q ∧ p). (2.59)
Moreover the T-duality metric L is the negative of the Cartan metric which gives the following
assignments
q.q = −Q2, p.p = −P 2, q.p = −Q.P (2.60)
– 21 –
Additionally we have q2, p2 ≥ 0 and (q.p)2 ≤ (q2 + p2)/2 because the Cartan metric is positive
definite and therefore it implies Q2, P 2 < 0 and (Q.P )2 < −(Q2 + P 2)/2.
Counting BPS dyons in SYM is the problem analysed in [60]. The authors computed an
index I in the gauge theory for dyons with torsion r = gcd(q ∧ p) and found
I = r. (2.61)
In terms of string theory dyons the conditions mentioned above imply Q2/2 = −I2, P 2 = −1
and Q.P = ±I. Neglecting issues of chamber dependence, formula (2.53) gives for these dyons
d(Q,P ) = I which agrees with (2.61).
2.4.1 Proposed sigma model from physical grounds
The geometry associated with I KK monopoles is the generalization of (2.23) to include multi
centers
ds2 = V −1(dx4 + ~ω. ~dx)2 + V ~dx. ~dx (2.62)
where x4 is a compact direction and ~x is the position in R3. The harmonic function V and the
connection ~ω are defined as
V = 1 +
I∑
s=1
Vs, ~ω =
I∑
s=1
~ωs (2.63)
Vs =
4r
|~x− ~xs| ,
~∇× ~ωs = ∇Vs (2.64)
At asymptotic infinity, when |~x| is very large, the geometry looks like R3 × S˜1. The moduli ~xs
denote the position of the each of the I monopoles. If we zoom very close to one center the
geometry looks like R4 given that x4 has periodicity 16πr to avoid a conical singularity.
In order to preserve supersymmetry we should consider the case when all the monopoles
sit on top of each other.
In this case the geometry looks like that of a single monopole with charge I but with a
conical singularity at the origin. The TN space becomes an asymptotically locally euclidean
space (ALE) C2/ZI . The subgroup ZI is embedded in SU(2)L of the tangent group SU(2)L ×
SU(2)R defined at the origin, preserving this way the same number of supercharges as a single
KK monopole 4. At asymptotic infinity the radius of S˜1 is measured in units of 1/I due to
the orbifold. This implies that an asymptotic observer will measure a total momentum charge
which is a multiple of I. This is consistent with the fact that Q.P is a multiple of I (2.50).
This instructs us to study the D1-D5 in transverse C2/ZI which is the problem studied
in [61]. The author uses the standard approach of supersymmetric gauge field theory in ALE
spaces [62]. We start by going to the covering space of C2/ZI which means enhancing the
gauge group U(N1)×U(N2)× . . . of the gauge theory in C2 to U(IN1)×U(IN2)× . . .. In our
case the D1-D5 system in transverse C2 is a supersymmetric gauge theory with gauge group
4The holonomy group of TN is SU(2)R, which means that it breaks half of the background supersymmetries
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U(Q1) × U(Q5). A careful analysis of the D-terms of the enhanced gauge theory reveals that
the moduli space of vacua factorizes with some additional identifications. This last point is not
clear in [61]. Denoting the moduli space of the D1-D5 on C2 by M1. we propose
MI = SymI(M1)/ZI . (2.65)
The identification under permutations comes from gauging the moduli space by the Weyl group
SI ⊂ U(IQ1)× U(IQ5) left unbroken in the Higgs phase while the ZI orbifold comes from the
breaking of the SU(2)L × SU(2)R R-symmetry of the parent (4, 4) theory to U(1)L × SU(2)R.
In other words we propose that the effective string that describes low energy fluctuations
of the D1-D5 system on C2/ZI has a sigma model with target space
σI = Sym
I
(
σ(R)4 × SymQ1Q5+1(K3)) /ZI (2.66)
where ZI belongs to the SU(2)L R-symmetry of the parent theory, that of D1-D5 on C
2. This
space is singular in contrast with I = 1 case. Although we don’t know how to resolve these
singularities, the index is well defined and can be computed. As for I = 1 the effective string
is a (0, 4) SCFT.
Since we are interested in black holes which are not charged under ZI we look for states
of the untwisted sector, that is, states of the parent (4, 4) theory invariant under ZI . This is
equivalent to look for states that carry U(1)L charge that is a multiple of I.
The sigma model carries two complex fermion zero modes, originally from the R4 factor,
which have to be symmetrized along with the other states. To correctly account for these we
should use the appropriate helicity trace
B2 = −1
2
Tr(−1)2JL−2JR(2JR)2 (2.67)
in the same spirit of (2.3). Because the zero modes are being symmetrized they have a non-
trivial contribution to the index like in [27]. The application of the theorem of symmetrized
products [63] gives
B2(σI) =
∑
s|I,s|n
s cˆ
(
Q1Q5,
nI
s2
,
lI
s
)
(2.68)
with the coefficients cˆ(a, b, c) defined via
B2(σ1) = cˆ(Q1Q5, n, l) (2.69)
which is the answer for the D1-D5 on C2. The charge n is the momentum along the circle S1
and l is the angular momentum of the black hole in five dimensions.
A derivation of (2.68) goes as follows. The Hilbert space of a symmetrized product can be
decomposed as a sum labelled by partitions of I
HI =
∑
∑
kNk=I
∏
k
⊗SNk(Hk) (2.70)
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with
SN(H) =
∑
permutations σ
ǫ(σ)
∏
N
⊗H, (2.71)
where ǫ = (−1)σ for fermionic states and ǫ = 1 for bosonic. The Hilbert space Hk denotes a
multiple wound string with size k such that H1 is the effective string in the case I = 1.
Each of Hk carries two complex fermion zero modes. Now a state |hk〉 ∈ SNk(Hk) con-
tributes to JR with hk. The operator (2JR)
2 in (2.67) becomes (2JR)
2 =
∑
k(2hk)
2+
∑
k 6=l(2hrk2hrl)
for a partition (Nk, k). Due to the presence of fermion zero modes, the trace of (−1)2JR(2JR)2
over
∏
k⊗SNk(Hk) is zero unless the partition obeys kNk = I. In this case the index becomes
B2 =
∑
k with kr=I
TrSr(Hk)(−1)2J−2h(2h)2. (2.72)
A state in Sr(Hk) is given by symmetric or antisymmetric wave functions
∑
σ ǫ(σ)
∏
i |ni, Ji, hi〉
if they are bosonic or fermionic accordingly. Each state carries total momentum
∑
ni = N and
total angular momentum J˜ =
∑
2Ji. Instead of computing directly the trace in (2.72), which
is not trivial, we find it more convenient to compute the partition function first
f(β, q, y)r = TrSr(Hk)(−1)
∑
2Ji−
∑
2hieβ
∑
2hiq
∑
niy
∑
2Ji. (2.73)
and then extract B2 by looking to a particular fourier coefficient
B2 = Coeff q
NyJ˜ in
∂2
∂β2
f(β, q, y)|β=0 (2.74)
In Hk there is an orbifold action by Zk. The trace in the untwisted sector gives
TrHk(−1)2J−2heβ2hqL0y2J =
∑
c(km, l˜, l)qmyleβl˜. (2.75)
after projecting out states which are not invariant under Zk. We are now in good position to
apply the theorem (2.15) in [63] which tells how to trace over Sr(Hk),∑
N≥0
pNTrSN (Hk)(−1)2J−2heβ2hqL0yJ =
∏
n,l˜,l
1
(1− pqnyleβl˜)c(kn,l˜,l) . (2.76)
The function f(β, q, y) is given by the coefficient of pr in the expression above. Even if this
seems a hard task it is easier to perform first the step (2.74) and then extract the pr coefficient,
that is,
Coeff pr off
∂2
∂β2
f(β, q, y)|β=0 =
∑
n,l˜,l
l˜2c(nk, l˜, l)rqnrylr (2.77)
where we have used the conditions ∑
l˜
c(n, l˜, l) = 0 (2.78)
∑
l˜
l˜c(n, l˜, l) = 0 (2.79)
– 24 –
that follow from the presence of two complex fermion zero modes in H1.
The coefficient of qNyJ˜ in (2.77) gives the index B2
B2 =
∑
s|I
s
∑
l˜
l˜2c(NI/s2, J˜/s, l˜) (2.80)
where cˆ(n, l) =
∑
l˜ l˜
2c(n, l, l˜) as in (2.69).
In the limit of large charges the term s = 1 in (2.68) gives the leading contribution
B2(Q1Q5, n, l ≫ 1) ≈ e2π
√
Q1Q5nI−l2I2 (2.81)
which is in agreement with the Beckenstein-Hawking entropy of the 5d black hole in ALE space
[46].
In the four dimensional case we have to consider in addition the closed string excitations
of multi KK monopole.
We separate the problem in two pieces. First we try to argue that the Hibert space of
KK-P states is the hilbert space of multiply wound strings using IIB-Heterotic duality in four
dimensions. Then using the 4d-5d lift together with fermion zero modes and duality invariance,
we suggest that the Hilbert space of non-primitive dyons, denoted HI , is of the form
HI =
∑
∑
kNk=I
∏
k
SNk(Hk) (2.82)
where H is the Hilbert space of a primitive dyon much like in the five dimensional case.
As mentioned at the beginning of this section, the study of bound states of multi KK
monopoles by quantizing the moduli space is a very difficult problem. To circumvent this we
map KK-P states in IIB to heterotic perturbative momentum winding states after performing
T and six dimensional string-string dualities.
We want to study bound states of momentum nI and winding I at weak coupling. Because
both charges have a common factor I the multiply wound string can split without breaking
supersymmetry when
M(nI, I) =
∑
∑
rkr=I
rM(nkr, kr) (2.83)
where M(n, w) is the BPS mass of a string with momentum n and winding w. This suggests
that the Hilbert space of a multiply wound string is graded by partitions of I
HKK−PI =
∑
∑
rkr=I
∏
r
Sr(Hkr) (2.84)
where Hkr corresponds to a kr multiply wound string. Again the presence of fermion zero modes
forces the partitions to obey rkr = I. Only in this case the index is non vanishing. A state in
Hkr carries momentum nI/r and winding I/r.
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Naively, we would tensor (2.84) with (2.70) to obtain the full hilbert space of non-primitive
dyons
Hfull =
∑
r|I
Sr(H1I/r) ⊗
∑
k|I
Sk(H2I/k) (2.85)
but tracing the index B6 (2.3) over this space would give a non-duality invariant answer. Instead
we propose that KK-P states should be symmetrized along with D1-D5 states in such a way
that
Hfull = H0 ⊗
∑
r|I
Sr(H1I/r ⊗H2I/r) (2.86)
A state in Sr(H1I/r⊗H2I/r) is of the form
∑
σ ǫ(σ)
∏ |n1i , h1i 〉⊗ |n2i , Ji, h2i 〉 with total momentum∑
n1i + n
2
i = N , angular momentum
∑
2Ji = J˜ and total helicity
∑
2h1i + h
2
i . A state in H0
is made up of four fermionic zero mode states
∏4
i ⊗|hi = ±1/4〉 while a state in the symmetric
product carries only two fermion zero modes with h2i = ±1/4. This distinction is based on the
fact that we shouldn’t trace over the center of mass degrees of freedom of the black hole. Since
the black hole is free to move in the transverse R3, it will have bosonic zero modes along with
the corresponding fermionic partners.
Such construction gives a duality invariant answer. Consider first the trace over the
fermionic zero mode states in H0,
B6 = − 1
6!
TrH0⊗H′I (−1)2J−2(h0+hI)(2h0 + 2hI)6 (2.87)
= −− 1
6!
TrH0⊗H′I (−1)2J−2(h0+hI) 6!4!2!(2h
0)4(2hI)2 (2.88)
= −1
2
TrH′I (−1)2J−2h(2h)2 (2.89)
where we have denoted Sr(H1I/r ⊗ H2I/r) by H′I . The final trace has the form of the helicity
trace B2.
Following the same steps used to compute B2 in the five dimensional case, we arrive at the
final answer
B6 =
∑
s|I
s c(Q1Q5, nI
2/s2, JI/s) (2.90)
with the coefficient c(k, l, j) extracted from the primitive answer.
Further analysis of wall crossing phenomena in N = 4 string theory based on multi center
black hole splitting [41] suggests that only two fermion zero modes have to be symmetrized. If
we were to symmetrize n complex fermion zero modes we would get a factor of sn−1 in (2.90).
A number n different from two would contradict the results from wall crossing and field theory
dyon degeneracy. We don’t have a physical explanation of why this should be the case.
In terms of the effective string this hilbert space corresponds to a sigma model with target
space
SymI(σD1−D5−KK) (2.91)
where σD1−D5−KK is the sigma model we described in section §2.3.1 for the primitive case.
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2.5 A Perturbative test of the dyon counting formula
The non-primitive answer (2.53) is consistent with many physical tests. It reproduces the
Beckenstein-Hawking entropy for large charges, it correctly reproduces wall crossing phenomena
and the degeneracy of SU(N) field theory dyons are correctly captured for small charges.
Here we devise another microscopic test for the counting formula [34]. The strategy is to
identify some states which are non-perturbative in one frame but are perturbative in another.
This strategy has been used before in the case of half BPS states in various dualities. However
in N = 4 gauge theory, the quarter BPS states are necessarily non-perturbative and cannot be
mapped to any perturbative state. The reason is that the only perturbative states in the gauge
theory are the gauge bosons which are half BPS. Interestingly this is not the case in string
theory. A particular set of quarter BPS states in N = 4 can be mapped to perturbative states.
Consider the charge configuration
Γ =
[
Q
P
]
=
[
0 n 0 0
1 0 0 0
]
H
.
It is easy to see that for these states the continuous T-duality invariants all vanish, Q2 = P 2 =
Q.P = 0. Nevertheless the invariant I is non-trivial, I = n.
Under six-dimensional string-string duality, the heterotic NS5-brane is mapped to type IIA
fundamental string, and the momenta are mapped to momenta. Thus, in the Type-II frame,
our state corresponds to a perturbative type II fundamental string with winding number one
with n units of momentum along the S circle.
The non-perturbative counting through formula (2.53) gives
B6(Q
2 = 0, P 2 = 0, Q.P = 0) =
∑
s|I
sd1(0, 0, 0) (2.92)
The particular fourier coefficient d1(0, 0, 0) of Φ
−1
10 vanishes. Consequently the index B6 vanishes
for this charge configuration independently of the invariant I,
B6(Q
2 = 0, P 2 = 0, Q.P = 0, I) = 0 (2.93)
This charge configuration maps to a fundamental string with unit winding and n units
of momentum along S1 in type IIA on K3 × S1S˜1. To identify the spectrum we can use
perturbative string theory.
For this propose we use light-cone gauge in Green-Schwarz formalism of string theory. The
world-sheet theory thus have a target manifold R2 × T 2 × T 4/Z2, where we denote T 4/Z2 the
orbifold limit of K3.
We first compute the partition function
Z(q, q, y) = Tr(−1)F qL0qL0yJ (2.94)
where J is the U(1) spin generator in the non-compact directions. The index B6 is extracted
differentiating Z(q, q, y) with respect to y six times and then setting y = 1. Under this process
only quarter BPS states should be captured.
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The partition function is
Z(q, q, y) = (y1/2 − y−1/2)4
∏
n≥1,j=±1
(1− qnyj)2(1− qnyj)2
(1− qn)(1− qn)2(1− qny2j)2(1− qny2j) × TrK3(q, q, y)
(2.95)
with TrK3(q, q, y) defined via
TrK3(q, q, y) = 8
[
ϑ2(τ, v)
2ϑ2(τ , v)
2
ϑ2(τ, 0)2ϑ2(τ , 0)2
+
ϑ3(τ, v)
2ϑ3(τ , v)
2
ϑ3(τ, 0)2ϑ3(τ , 0)2
+
ϑ4(τ, v)
2ϑ4(τ , v)
2
ϑ4(τ, 0)2ϑ4(τ , 0)2
]
(2.96)
q = e2πiτ , q = e2πiτ , y = e2πiv
We refer the reader to [34] for further details. The partition function (2.95) contains already a
factor of (y1/2−y−1/2)4 due to the presence of eight real fermion zero modes in the Green-Schwarz
formalism. For simplicity we remove first this factor and then differentiate twice. Imposing the
level matching condition L0 − L0 = I on the left-moving BPS states we get
d(I) = 16
∑
s|I
s(3 + (−1)s+1)− 4
∑
(2s+1)|I
I
2s+ 1
 (2.97)
which can be shown to vanish identically for any value of I. This is in perfect agreement with
the result (2.93). The same result was found in [64] as a consequence of a theta identity.
Note that for n = 0, we actually have a half-BPS state which is dual to a heterotic pertur-
bative state. Since it breaks eight supersymmetries it carries four complex fermion zero modes
so we need to differentiate the partition function four times. One correctly obtains a non-zero
degeneracy which moreover equals 24 consistent with the heterotic counting [65].
3. AdS2/CFT1 correspondence and Quantum Entropy
For a large class of supersymmetric black holes in string theory, the Beckenstein-Hawking
entropy SBH finds perfect agreement with the logarithm of a microscopic index Bmicro in the
limit of large charges,
SBH = lnBmicro (3.1)
In this limit both the computations simplify. On the microscopic side we can use an
asymptotic expansion of the index instead of computing it exactly, while on the gravity side,
due to a large horizon, we can neglect higher derivative corrections and work only with two
derivative terms in the full string action. It is of great interest to know if the agreement holds
for finite charges and if that is the case how to compute finite charge corrections.
As explained in the previous section, it is possible to compute exactly the index Bmicro
even for small charges for a large class of supersymmetric black holes in N = 4 string theory
[26, 30, 29, 66]. The use of an index instead of degeneracy is of great advantage. Because
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it captures only the BPS states, we can compare a microscopic computation with another
performed when the black hole exists.
From the gravity side, the entropy function [67, 7] is a powerful way to compute the black
hole entropy. Based on Wald’s formalism it gives a useful prescription to compute finite charge
corrections to the entropy. Instead of computing a complicated integral over the horizon, as
demanded by Wald’s formalism, it instructs us to minimize the lagrangian computed on the
horizon solution. The entropy is then equal to the minima of that function which reduces the
problem to solve some algebraic equations [68].
Introduction of higher derivative/loop string corrections through the entropy function in a
consistent way is problematic. In the full quantum theory we have to integrate over massless
fields and as consequence non-local terms in the action can be generated. This is problematic
since Wald’s method requires a local, gauge and diffeomorphic invariant action.
To avoid this problem, Sen proposes a new framework based on AdS2/CFT1 correspondence
[9, 8]. The idea is to take the minimization process in the “classical“ entropy function seriously
by considering a path integral formulation. The Wald’s entropy then corresponds to the classical
saddle point approximation of this path integral. Indeed, via holographic correspondence, we
can relate the degeneracy of states in the CFT1 to a AdS2 path integral of string theory with
a Wilson line insertion at the boundary. This is very powerful in the sense that it gives a
consistent framework to compute both perturbative and non-perturbative charge corrections to
the entropy.
Additional care of the microscopic index is required if we want to match the microscopic
answer with the horizon AdS2 partition function. The reason is the following. The space-time
index B6 captures all the degrees of freedom coming both from the horizon and any other
contribution sitting between the horizon and asymptotic infinity. We call these additional
degrees of freedom hair modes [69, 70]. Basically they correspond to deformations of the black
hole solution with support outside of the horizon. On the microscopic side, they can correspond
to the center of mass degrees of freedom of some brane system, for example.
This section is organized as follows. In section §3.1 we develop the concept of Sen’s quantum
entropy function based on the AdS2/CFT1 correspondence. In section §3.2 we explain the
relation between index and degeneracy.
3.1 Quantum entropy
The entropy function which is based on the Wald formalism [4, 71, 5, 72] relates the value of
the classical string theory lagrangian, calculated in the near horizon geometry, to the black
hole entropy [67, 7, 68]. So we expect the entropy to depend only on the horizon data. For
extremal black holes this assumption is even better because the horizon region is separated from
asymptotic infinity by an infinite throat. In this case we can expect the entropy to depend on
the horizon data not just classically, via Wald’s formalism, but also quantum mechanically.
This is one of the pillars of Sen’s quantum entropy function that we develop in the following.
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The quantum entropy formalism [9, 8, 73] uses AdS2/CFT1 correspondence to give a quan-
tum formulation of the black hole entropy. It states that
dhor(qI) =
〈
e−iqI
∮
AI
〉finite
AdS2
(3.2)
where dhor is the degeneracy associated with the horizon of the black hole. In other words, the
degeneracy dhor(q) equals the expectation value of a Wilson line inserted at the boundary of
euclidean AdS2. The black hole entropy SBH at the quantum level is given by the logarithm
of dhor. The symbol 〈 〉AdS2 in (3.2) denotes that we perform a path integral weighted by e−A
where A is the Euclidean string action.
We start by writing the near horizon field content of an extremal black hole after performing
the Wick rotation t = −iθ,
ds2 = v
[
(r2 − 1)dθ2 + dr
2
r2 − 1
]
, φ = φ∗, F Irθ = −ieI (3.3)
where φ∗ are the attractor values of the scalars and F Irθ are the U(1) gauge field strengths. The
corresponding gauge field is AIθ = −ieI(r − 1) in the gauge Ar = 0. Since the thermal circle θ
is contractable in the AdS2 geometry this forces the gauge field to vanish for r = 0, otherwise
it will be singular. The boundary stays at r =∞.
Quantum mechanically, the AdS2 functional integral is defined by summing over all field
configurations which asymptote to the these attractor values with the fall-off conditions [8, 9, 74]
ds2 = v
[(
r2 +O(1)) dθ2 + dr2
r2 +O(1)
]
. (3.4)
φI = φI∗ +O(1/r) , AI = −i eI(r −O(1))dθ . (3.5)
All massive fields asymptote to zero because of their mass term.
The path integral suffers from IR divergences due to the infinite volume of AdS2. Therefore
we introduce a cuttoff at r = r0. In an expansion in the cutoff parameter, the regulated
amplitude then has the form
〈. . .〉AdS2 = er0A+B+O(r0
−1) (3.6)
The prescription used to remove the IR infinities is to keep only the finite part eB. Technically
we introduce a boundary counter term Sbndy to remove the contribution r0A and then take the
limit r0 → ∞. The reader could have wondered why there aren’t ln(r0) contributions. This
has to do with the fact that in a perturbative expansion around the attractor background, say
φ = φ∗ + δφ, with φ = O(1/r), terms linear in 1/r vanish via the equations of motion. So no
logarithmic term is generated.
In defining the path integral on AdS2 we need to specify boundary conditions. Usual rules of
AdS/CFT correspondence [36] instruct us to fix the non-normalizable modes and integrate over
the normalizable ones. Special care is needed in the two dimensional case of Anti-de Sitter space.
In this case the gauge field A has two solutions to the linearised Maxwell equations: Aθ = c+ar,
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in the gauge Ar = 0. In contrast with higher dimensional cases, here the electric field mode
is the dominant one so we should fix it. This is equivalent to working in the microcanonical
ensemble where we fix the charges instead of the chemical potentials. The insertion of the
Wilson line has the precise effect of rendering the equations of motion valid near the boundary
[73]. Consider a small variation δA of the gauge field and look for the linearised equations of
motion
lim
r→∞
−iqI
∫
dθδAIθ −
δS
δAIθ
δAIθ = 0
lim
r→∞
−iqI
∫
dθδAIθ −
∫
drdθ
δL
δF Irθ
δF Irθ = 0
lim
r→∞
{
−iqI
∫
dθδAIθ −
∫
dθ
δL
δF Irθ
δAθ
}
+ E.O.M. = 0 (3.7)
Since Frθ is non-zero at the boundary there is a non-trivial contribution to the linearised
equations of motion at the boundary. If we hadn’t introduced the Wilson loop, then the
linearised equation (3.7) wouldn’t be obeyed.
The other fields are fixed in the standard manner. For the metric field
ds2 = v
[
(r2 −O(1))dθ2 + dr
2
r2 −O(1)
]
(3.8)
we allow the constant mode denoted by O(1) to fluctuate. On the other end for the scalar fields
we fix the constant mode to the attractor value.
On the CFT side we should be computing
Tre−βH (3.9)
where H is the hamiltonian that generates translations on the boundary and the parameter
β = T−1 is the inverse of the temperature. Holography relates the radius of the thermal circle
to the temperature as β = 2πr0. If the spectrum of H has a mass gap then only the ground
states contribute to the trace when we take the zero temperature limit, or r0 → ∞. This
dual quantum mechanics should be understood as the infrared limit of the quantum mechanics
describing the black hole after removing the hair modes and it has the particular and interesting
property that its hamiltonian is zero. In other words the quantum entropy function is counts
the number of ground states of the CFT1 in a particular charge and angular momentum
5 sector.
The initial intuition was that the quantum entropy function should reduce to the Wald
entropy in limit of large charges. Say that we consider a perturbative solution around the
attractor vacuum. In the limit of large charges we can carry out a saddle point approximation
〈e−iqI
∮
AI 〉 ≈ e−2πqIeI(r−1)+
∫
vdrdθL(φ∗,eJ)+O(q−1) (3.10)
≈ e−2πqIeI(r0−1)+2πv(r0−1)L(φ∗,eJ) (3.11)
5If the black hole carries angular momentum then the horizon has isometry SO(2, 1)×U(1) and the angular
momentum is seen as a charge from the two dimensional point of view
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where L(φ∗, eJ) is the lagrangian which is scalar, and φ∗ denotes the attractor values of the
moduli. The gauge field chemical potentials are fixed to constant values such that the gauge
field is regular at the origin r = 1 of AdS2, that is, Aθ(r = 1) = 0. Following the prescription
(3.6) we keep only the constant term, that is
〈e−iqI
∮
AI 〉finite ≈ e2πqIeI−2πvL(φ∗,eJ). (3.12)
This is exactly the exponential of the entropy function computed at the attractor value of the
fields. Note that we have used the action principle eSeucl and not e−Seucl as is often used. This
is related to the euclidean continuation chosen. Under t = −iθ, eiS becomes eSeucl following
[9, 73]. This is important because it is the renormalized action that should damp the path
integral, which is what happens in this case. From now on we define the renormalized action
Sren to include also the Wilson loop contribution
Sren := Sbulk + Sbdry − i qi
∫ 2π
0
Aiθ dθ (3.13)
where Sbdry is a boundary counterterm which renders the action IR finite. In addition we define
the expectation value of the Wilson Loop in AdS2 by
W (q, p) =
〈
exp
[− i qi ∫ 2π
0
Aiθ dθ
]〉finite
AdS2
. (3.14)
At the classical attractor saddle point,
W (q, p) ∼ exp[2π(qiei − vL)] ≡ exp [SWald(q, p)] , (3.15)
This is a very powerful method to compute finite charge corrections to the Wald entropy.
An immediate application consists in extending the perturbative analysis beyond the classi-
cal approximation. This is the work of [75, 76, 77] where the authors compute logarithmic
corrections coming from a one-loop determinant in various supersymmetric theories.
Another non-trivial aspect of this formalism is that it allows for the contribution of addi-
tional subleading AdS2 orbifolds [12, 73]. They seem to play a non-trivial role in explaining
non-perturbative contributions to the entropy as expected from microscopics [54].
3.2 Index versus degeneracy
The idea that only the horizon degrees of freedom are relevant for the black hole entropy leads
automatically to the conclusion that two black holes with same near horizon geometry must
have the same entropy. Nevertheless, the same is not true for the microscopic index. Two black
holes can have the same entropy but carry a different index. This suggests that the horizon
degeneracy should be combined with an exterior contribution to account for the difference.
This idea is consistent with the fact that even if the black hole entropy doesn’t depend
on the asymptotic values of the moduli, the index computed from microscopics can jump once
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we vary the asymptotic values of the moduli [40]. It is known that for given a set of charges
one can have single center as multi center black hole solutions [39, 43, 44]. The microscopic
index doesn’t know whether a state corresponds to a single or multi center solution, so it should
include in the counting all these possibilities. Now, a multi center solution can cease to exist
once we cross a wall of marginal stability which causes the index to jump [43, 56]. This also
means that the entropy of a single center black hole can never jump. This suggests that string
theory in the near horizon should capture only the degrees of freedom of a single black hole.
This is all suggestive to rewrite the index as [69, 70]
Bmicro(q) =
∑
n
n∏
i=1∑
i q
i
1+q
i
2=q
dhor(q
i
1)dhair(q
i
2) (3.16)
where the nth term corresponds to the contribution of a n-centered black hole configuration,
dhor is the degeneracy associated with the horizon degrees of freedom and dhair corresponds to
an additional contribution coming from modes exterior to the horizon that we generically call
hair modes. By setting the asymptotic values of the moduli to their attractor values we can
guaranty that only the single center solution will contribute.
Consider the following puzzle which arises when trying to compare the index with the black
hole entropy. Take the BMPV black hole [53]. Microscopically it corresponds to a system of
D1-D5 branes wrapping K3× S1 and carrying momentum along S1. It can also carry angular
momentum without breaking supersymmetry. Now consider the D1-D5-KK system discussed
in section §2. The 4D-5D lift relates these two configurations. If we put the BMPV black
hole at the tip of the Taub-Nut it becomes the D1-D5-KK black hole. This means that if we
zoom close to the origin of the Taub-Nut, where the space looks flat, both black hole solutions
will look the same. As a matter of fact, this is also equivalent to the near horizon limit. This
means that both the BMPV and D1-D5-KK black holes have the same near horizon geometry
and hence the same black hole entropy. Nevertheless, the index differs substantially from one
configuration to the other [26, 27]. We expect that after removing the hair contribution both
degeneracies will agree.
The strategy is to study normalizable deformations of the black hole solution and check
whether they have or not support near the horizon. Those that vanish near the horizon corre-
spond to hair modes. In [69] the authors analysed the deformations using linearised equations
of motion.
The first basic conclusion is that all the fermion zero modes are part of the hair degrees
of freedom. This not surprising since the solution outside the horizon breaks supersymmetry
and therefore the goldstino modes must have support outside of the horizon. Additionally, they
found that for the BMPV black hole the center of mass modes of the D1-D5 system are part
of the hair degrees of freedom.
For the D1-D5-KK black hole they have also found that the center of mass degrees of free-
dom of the D1-D5 moving in the transverse Taub-Nut space are also part of the hair degrees of
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freedom. The additional contribution coming from closed string excitations of the KK solution
is also part of the hair modes.
The conclusion is that after removing the hair contribution the microscopic horizon parti-
tions for both of the black holes agree,
Zhor5D = Z
hor
4D (3.17)
They also make the important observation that these new partition functions are free from poles
which could induce jumps in the index. This is important if we want the black hole entropy to
not have moduli dependence.
A more refined approach in [70] using non-linear equations arrives at the same conclusion
(3.17) but with some important differences. The analysis shows that the bosonic deformations
corresponding to the center of mass degrees of freedom of the brane system have curvature
singularities at future horizon. Hence they should be include as horizon modes.
In the following we show why, for a class of supersymmetric black holes, the index matches
with the black hole degeneracy in the large charge limit.
In section §2 we defined the helicity trace index B6, suitable to capture the spectrum of
quarter BPS dyons in N = 4 theory. It was defined as
B6 = − 1
6!
Tr(−1)2h(2h)6 (3.18)
with h the helicity quantum number in four dimensions. We justified the inclusion of six powers
of (2h) in the trace to remove the contribution of six complex fermion zero modes coming from
the breaking of twelve supersymmetries, and this way rendering the index non vanishing.
In the same spirit we can rewrite the index B6 in terms of horizon and hair contributions
as
B6 = − 1
6!
Tr(−1)2hhor+2hhair(2hhor + 2hhair)6 (3.19)
= − 1
6!
Tr(−1)2hhorTr(−1)2hhair(2hhair)6 (3.20)
=
∑
q+q˜=Q
Bhor(q)B6hair(q˜) (3.21)
where we used the fact that only the term (2hhair)
6 survives in the taylor expansion of (2hhor +
2hhair)
6 since the fermion zero modes are part of the hair degrees of freedom. The index Bhor
for the horizon degrees of freedom is given by the Witten index
Bhor = Tr(−1)2hhor (3.22)
and the index B6hair for the hair modes was defined as
B6hair = − 1
6!
Tr(−1)2hhair(2hhair)6. (3.23)
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If all the hair degrees of freedom are fermionic zero modes than B6hair = −1 implying B6 =
Tr(−1)F .
For an extremal spherically symmetric black hole all states carry hhor = 0 implying the
equality Tr(−1)2hhor = Tr(1) [73]. This shows that index equals degeneracy for the horizon.
Moreover, for a black hole that preserves at least four supercharges, closure of the supersym-
metry algebra implies spherical symmetry. In other words, a SU(2) subalgebra is necessary for
the susy algebra to close and this factor can be identified with the rotation symmetry of the
near horizon geometry. The index Bhor can be computed using the quantum entropy function
[9, 73] which in the limit of large charges reduces to the exponential of the wald entropy. This,
together with the fact that the hair contribution to the index is usually negligible compared to
the wald entropy, explains why for large charges index equals degeneracy
B6(Q,P ≫ 1) ≈ Bhor(Q,P ≫ 1) ≈ eSBH (Q,P ). (3.24)
This also explains why for one-sixteenth BPS black holes in AdS5 no microscopic index seems
to have the right asymptotics consistent with black hole entropy [78, 79, 80]. Since in this case
the black holes preserves too little supersymmetry closure of the supersymmetry algebra does
not imply rotational invariance.
4. Quantum black holes and Localization
The Bekenstein-Hawking entropy is in a sense a bit too universal in that it is always given by
a quarter of the horizon area. This is a consequence that, for very large distances, only the
Einstein-Hilbert term in the action contributes. Finite charge corrections, on the other hand,
can arise after introduction of higher derivative terms which are different in different phases of
the theory. This dependence on the phase can yield useful information about different aspects of
the short-distance theory. In this section we are interested in computing finite charge corrections
by explicitly evaluating the quantum entropy function for supersymmetric black holes in a broad
class of phases of string theory, namely vacua with N = 2 supersymmetry in four dimensions
[17].
In a theory with massless nv + 1 vector fields, a black hole is specified by a charge vector
(qI , p
I) with I = 0, . . . , nv. We would like to develop methods to systematically compute the
quantum entropy for arbitrary finite values of the charges. As explained in section §3 the
quantum entropy function, via AdS2/CFT1 correspondence, gives a consistent and powerful
framework to compute perturbative and non-perturbative corrections.
Via AdS2/CFT1 correspondence the microscopic degeneracy d(q, p) is identified with the
expectation value of the Wilson loop that we denote by W (q, p). Evaluating the formal expres-
sion forW (q, p) by doing the string field theory functional integral is of course highly nontrivial.
To proceed further we imagine first integrating out the infinite tower of massive string modes
and massive Kaluza-Klein modes to obtain a local Wilsonian effective action for the massless su-
pergravity fields. To compute the exact quantum entropy, one has to then evaluate exactly this
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functional integral of a finite number of massless fields with AdS2 boundary conditions using
the full Wilsonian effective action keeping all higher derivative terms. This effective action can
include in general not only perturbative corrections in α′ but also worldsheet instanton correc-
tions. We can regard the ultraviolet finite string theory as providing a finite, supersymmetric,
and consistent cutoff at the string scale. The functional integral with such a finite cut-off and a
Wilsonian effective action containing all higher order terms is thus in principle free of ultraviolet
divergences. This functional integral will be our starting point.
We are still left with the task of evaluating a complicated functional integral. The near
horizon geometry preserves eight superconformal symmetries and moreover the action, measure,
operator insertion, boundary conditions of the functional integral are all supersymmetric. This
allows us to apply localization techniques [12] which simplifies the evaluation of the functional
integral enormously. Localization requires identification of a fermionic symmetry of the theory
that squares to a compact bosonic symmetry. Using this symmetry, one can then localize the
functional integral onto the ‘localizing submanifold’ of bosonic field configurations invariant
under the fermionic symmetry. We review the superconformal symmetries of the near horizon
geometry and relevant aspects of localization in §4.1.
Since localization is employed at the level of the functional integral and not just at the level
of a classical action, it is important to use an off-shell formulation of supergravity. Off-shell
formulations of supergravity are in general notoriously involved. At present a complete formu-
lation of off-shell supergravity coupled to both vector and hyper multiplets is not known. To
implement localization in a concrete manner, we therefore first consider in §4.3 a simpler prob-
lem of computing this expectation value of the Wilson line in a truncated model of supergravity
coupled only to vector multiplets with an action containing only F-terms which are chiral in-
tegrals over superspace. In particular we ignore possible D-terms and hyper multiplets, which
are discussed later in §4.4. The action still contains an infinite number of higher derivative
terms but all of F-type. We denote the corresponding functional integral for the expectation
value of a Wilson line in this restricted theory on AdS2 by Ŵ (q, p). Computation of Ŵ (q, p) is
greatly simplified by the fact that, for vector multiplets in N = 2 supergravity, there exists an
elegant off-shell formulation developed in [13, 15, 14], using the superconformal calculus. The
spectrum consists of the Weyl multiplet that contains the graviton and the gravitini, nv + 1
vector multiplets, and one compensating multiplet that eliminates unwanted degrees of freedom.
We review this formalism in §4.2.
The main result of this section concerns the localization of the functional integral for Ŵ (q, p)
which is derived in §4.3.
The organization of this section is as follows. We start by reviewing the technique of
localization and the superconformal symmetries of the near horizon geometry. In section §4.2
we review the superconformal construction of supergravity using F-terms. In section §4.3 we
apply localization and determine Ŵ (q, p). We end commenting on limitations of this approach
and also on possible contributions from D-terms and hypermultiplets.
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4.1 Superconformal symmetries and localization
We start with a brief review in §4.1.1 of the localization techniques [81, 82, 83, 84, 10, 85] to eval-
uate supersymmetric functional integrals. In §4.1.2 we review the superconformal symmetries
of the attractor geometry and how localization can be applied in the present context.
4.1.1 A review of localization of supersymmetric functional integrals
Consider a supermanifold M with an integration measure dµ. Let Q be an odd (fermionic)
vector field on this manifold that satisfies the following two requirements:
1. Q2 = H for some compact bosonic vector field H ,
2. The measure is invariant under Q, in other words divµQ = 0.
The divergence of the fermionic vector field is the natural generalization of ordinary divergence,
which satisfies in particular6 ∫
M
dµQ(f) = −
∫
M
dµ(divµQ) f , (4.1)
for any function f . Hence, the second property implies
∫
M
dµQ(f) = 0 for any f . We would
like to evaluate an integral of some Q-invariant function h and a Q-invariant action S
I :=
∫
M
dµ h e−S. (4.2)
To evaluate this integral using localization, one first deforms the integral to
I(λ) =
∫
M
dµ h e−S−λQV , (4.3)
where V is a fermionic, H-invariant function which means Q2V = 0, that is, QV is Q-exact.
One has
d
dλ
∫
M
dµ h e−S−λQV =
∫
M
dµ hQV e−S−λQV =
∫
M
dµQ(h e−S−λQV ) = 0 , (4.4)
and hence I(λ) is independent of λ. This implies that one can perform the integral I(λ) for any
value of λ and in particular for λ→∞. In this limit, the functional integral localizes onto the
critical points of the functional SQ := QV and the semiclassical approximation becomes exact.
The localizing solutions in general have both bosonic and fermionic collective coordinates.
One can choose
V = (QΨ,Ψ) (4.5)
where Ψ are the fermionic coordinates with some positive definite inner product defined on the
fermions. In this case, the bosonic part of SQ can be written as a perfect square (QΨ, QΨ), and
6For a bosonic vector field V and for a measure determined by a metric g, this corresponds to the identity∫
dx
√
gVm∂mf = −
∫
dx∂m(
√
gV m)f = − ∫ dx√g(∇mV m)f when the boundary contributions vanish.
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hence critical points of SQ are the same as the critical points of Q. This also implies that QV
vanishes on the localizing manifold as required by the invariance of I(λ) (4.4). Let us denote
this set of critical points of Q by MQ. The reasoning above shows that the integral over the
supermanifold M localizes to an integral over the submanifold MQ. In the large λ limit, the
integration for directions transverse can be performed exactly in the saddle point evaluation.
One is then left with an integral over the submanifold MQ
I =
∫
MQ
dµQ h e
−Ssdet(D2) , (4.6)
where dµQ is a measure induced on the submanifold by the original measure and sdet(D2)
is the superdeterminant of transverse fluctuations. We denote D2 the operator of quadratic
fluctuations of the QV action.
In our case in §4.3, M is the field space of off-shell supergravity, S is the off-shell super-
gravity action with appropriate boundary terms, h is the supersymmetric Wilson line, Q is a
specific supercharge described in §A and §4.3, and Ψ are all fermionic fields of the theory. We
will find that the submanifold MQ of localizing solutions is a family of nontrivial instantons
as exact solutions to the equations of motion that follow from extremization of SQ labeled by
nv + 1 real parameters {CI ; I = 0, . . . , nv}.
4.1.2 Superconformal symmetries of the near horizon geometry
In higher dimensional cases we normally take the near horizon limit of an extremal, that is,
zero temperature brane configuration. This limit allows us to focus on energy fluctuations of
the brane system which are small to the asymptotic observer but sufficiently large compared to
the temperature of the system. For the case of extremal black holes we proceed a bit differently
[86]. Since the black hole quantum mechanics has a mass gap separating the ground state from
the first excited state the only low energy excitations are zero energy excitations. This means
that the usual near horizon limit of an extremal black hole is not a sensible limit. Instead we
proceed by taking the near horizon and extremal limits at the same time [8].
The near-horizon geometry of a supersymmetric black hole in four dimensions is AdS2×S2.
After Euclidean continuation, the metric is
ds2 = v
[
(r2 − 1)dθ2 + dr
2
r2 − 1
]
+ v
[
dψ2 + sin2(ψ)dφ2
]
. (4.7)
We have taken the radius v of the AdS2 factor to be the same as the radius of the S
2 factor
which is a consequence of supersymmetry. There are several other coordinates that are useful.
Substituting r = cosh(η), the metric takes the form
ds2 = v
[
dη2 + sinh2(η)dθ2
]
+ v
[
dψ2 + sin2(ψ)dφ2
]
. (4.8)
One can also choose the stereographic coordinates
w = tanh(
η
2
)eiθ := ρeiθ, z = tan(
ψ
2
)eiφ , (4.9)
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in which the metric takes the form
ds2 = v
4dwdw
(1− ww)2 + v
4dzdz
(1 + zz)2
. (4.10)
Note that the interval for the coordinates are 1 ≤ r < ∞ and 0 ≤ η < ∞, and 0 ≤ ρ < 1. In
the w coordinates, Euclidean AdS2 can be readily recognized as the Poincare´ disk with ρ as the
radial coordinate of the disk and a boundary at ρ = 1.
The Weyl tensor for the metric (4.8) is zero and hence this metric is conformally flat. For
later use it will useful to know this conformal transformation. To map we first map the Poincare´
disk to the upper half plane by the transformation
u = x+ iy, u = i
1− iw
1 + iw
. (4.11)
The metric (4.7) in the new coordinates becomes
ds2 =
dx2 + dy2 + y2dΩ22
y2
, (4.12)
with −∞ < x < +∞ and 0 ≤ y < ∞. From the above equation, we see that AdS2 × S2 is
conformally flat. We also know that R4 is conformal to S4 so it would be useful to compute
the conformal factor relating AdS2 × S2 to S4. In the (η, θ) coordinates we have the following
conformal rescaling
ds2(AdS2 × S2) = cosh2(η)ds2(S4) . (4.13)
Note that the conformal factor diverges at the boundary. Under a Weyl transformation
gµν → e2Ωgµν , (4.14)
a field with Weyl weight a transforms as
Φ→ e−aΩΦ. (4.15)
Hence, such a field in the conformal frame with AdS2 × S2 metric will be mapped to the field
in the conformal frame with S4 metric by
ΦAdS2×S2 =
ΦS4
cosh(η)a
. (4.16)
This transformation will be useful later in §4.3.
The superconformal symmetry of the near horizon geometry is the semidirect product
SU(1, 1|2) ⋊ SU(2)′. The invariant subgroup SU(1, 1|2) will be of our main interest which
contains the bosonic subgroup SU(1, 1) × SU(2). The first factor can be identified with the
conformal symmetry of AdS2 and is generated by {L, L±}. The second factor can be identified
with the rotational symmetry of S2 and is generated by {J, J±}. The factor SU(2)′ originates
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from the R-symmetry of N = 2 supergravity in four dimensions. The odd elements of the
superalgebra are the superconformal symmetries Giar . The commutations relations are
[L, L±] = ±L± , [L+, L−] = −2L , (4.17)[
J, J±
]
= ±J± , [J+, J−] = 2J , (4.18)[
L,Gia±
]
= ±1
2
Gia± ,
[
L±, G
ia
∓
]
= −iGia± , (4.19)[
J,Gi±r
]
= ±1
2
Gi±r ,
[
J±, Gi∓r
]
= Gi±r , (4.20)
{Gi±+ , Gj±− } = ±4ǫijJ± , {Gi+± , Gj−± } = ∓4iǫijL± , (4.21)
{Gi+± , Gj−∓ } = 4ǫij(L∓ J) ; ǫ+− = −ǫ−+ = 1 . (4.22)
Explicit expressions for the Killing spinors corresponding to these superconformal supersymme-
tries will be obtained in §A and will be required for localization in §4.3.
It is easy to see from the algebra that the generator Q = G+++ +G
−−
− squares to 4(L− J).
Since L is the generator of rotations of the Poincare´ disk and J is the generator of rotations of
S2, the square Q2 is the generator of a compact bosonic symmetry. This is the generator that
we will use for localization.
4.2 Off-shell formulation of the theory
In this section, we review the off-shell formulation of supergravity due to [13, 15, 14]. This
formalism has several attractive features.
• First, it allows the supersymmetry transformations to be realized in an off-shell manner
which will be crucial for us to apply localization to the functional integral.
• Second, one can also include within the formalism a class of curvature squared corrections
to the theory that are encoded in the Weyl multiplet. This has made it possible to study
the higher derivative corrections to supersymmetric black holes using the full power of
supersymmetry for solving BPS equations in the classical theory.
• Third, in the off-shell formalism, the supersymmetry transformations are specified once
and for all and do not need to be modified as one modifies the action with higher derivative
terms. This is analogous to the situation for diffeomorphisms where the transformation
properties of the metric, for example, are specified once and for all and does not depend
on the form the action. Since the localization action that we use is constructed using
these supersymmetry transformations, the localizing solutions that we will obtain by
minimizing this action will therefore be universal and not dependent on the form of the
physical action. This is clearly greatly advantageous both at the technical and conceptual
level.
In this section we rederive the classical properties of the black hole in this new language.
This section is meant to set the stage and fix all the notations for the quantum calculation which
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we discuss in §4.3. It will therefore be concise; a detailed account of the off-shell formalism can
be found, for example, in the review [87].
We use the conformal supergravity approach to N = 2 off-shell supergravity in four di-
mensions developed using superconformal multiplet calculus. The main idea is to extend the
symmetries of the N = 2 Poincare´ supergravity to the N = 2 superconformal algebra. This big-
ger algebra has dilatations, special conformal transformations, conformal S-supersymmetries,
and local SU(2) × U(1) symmetries as extra symmetries compared to the Poincare´ group7 .
The conformal supergravity is then constructed as a gauge theory of this extended symmetry
group.
Upon gauge fixing the extra superconformal symmetries, one gets the Poincare´ supergrav-
ity. In this sense, they are both gauge equivalent. However, the multiplet structure of the
superconformal supergravity is smaller and simpler than the Poincare´ theory. The form of the
supersymmetry transformation rules is also simpler in the superconformal formalism, and one
has a systematic way of deriving invariant Lagrangians. Following this approach, one gets an
off-shell formulation of supergravity coupled to vector multiplets.
In §4.2.1, we first list the multiplets of the superconformal theory that will enter the theories
we consider. In appendix §B, we summarize some relevant aspects of the superconformal
multiplet calculus including the supersymmetry variations of the various multiplets listed below.
In §4.2.2 we discuss the invariant action of our interest.
4.2.1 Superconformal multiplets
Our conventions are as follows. In the Minkowski theory, all fermion fields below are represented
by Majorana spinors. In the Euclidean theory, they will be symplectic-Weyl-Majorana [88].
Greek indices µ, ν, . . . indicate the curved spacetime, latin indices a, b, . . . indicate the flat
tangent space indices, and i, j, . . . denote the SU(2) index. The SU(2) indices are raised and
lowered by complex conjugation. A− ≡ εij Aij for any SU(2) tensor Aij . We will also use the
superscript ± to denote (anti) self-duality in spacetime, the conventions should be clear from
the context. We use the covariant derivative Da, which is defined to be covariant with respect
to all the superconformal transformations as well as gauge fields of the theory if present. We
also use the bosonic covariant derivative ∇a is defined to be covariant with respect to all the
bosonic transformations and the gauge fields, except the special conformal transformation.
We now summarize the field content of various multiplets.
1. Weyl multiplet: This is the gravity multiplet which contains all gauge fields arising from
gauging the full superconformal symmetries. The field content is:
w =
(
eaµ, w
ab
µ , ψ
i
µ, φ
i
µ, bµ, f
a
µ , Aµ,V iµ j , T ijab, χi, D
)
. (4.23)
7Note that the extra superconformal symmetry of this formalism is a gauge symmetry, not to be confused
with the physical superconformal algebra of the near-horizon geometry of extremal black holes discussed in
§4.1.2 which is generated by the Killing vectors and Killing spinors of the background.
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The fields (eaµ, w
ab
µ ) are the gauge fields for translations (vielbien) and Lorentz trans-
formations; ψiµ, φ
i
µ are the gauge fields for Q-supersymmetries and the conformal S-
supersymmetries; (bµ, f
a
µ) are the gauge fields for dilatations and the special conformal
transformations; and (V iµ j, Aµ) are the gauge fields for the SU(2) and U(1) R-symmetries.
Imposition of the ‘conventional constraints’ determines wabµ , φ
i
µ, f
a
µ in terms of other fields
and one is left with 24+ 24 independent degrees of freedom. The SU(2) doublet of Majo-
rana spinors χi, the antisymmetric anti self-dual auxiliary field T ijab and the real scalar field
D are all auxiliary fields, some of which will play a non-trivial role later. This multiplet
contains the gravitational degrees of freedom.
2. Vector multiplet: The field content is
XI =
(
XI ,ΩIi , A
I
µ, Y
I
ij
)
(4.24)
with 8 + 8 degrees of freedom. XI is a complex scalar, the gaugini ΩIi are an SU(2)
doublet of chiral fermions, AIµ is a vector field, and Y
I
ij are an SU(2) triplet of auxiliary
scalars. This multiplet contains the gauge field degrees of freedom.
3. Chiral multiplet: The field content is
Â =
(
Â, Ψ̂i, B̂ij, F̂
−
ab, Λ̂i, Ĉ
)
(4.25)
with 16 + 16 components. Â, Ĉ are complex scalars, B̂ij is a complex SU(2) triplet, F̂
−
ab
is an antiselfdual Lorentz tensor, and Ψ̂i, Λ̂i are SU(2) doublets of left-handed fermions.
The action will also contain the conjugated right handed multiplet. One can impose a
supersymmetric constraint on the chiral multiplet to get a reduced chiral multiplet with
8 + 8 degrees of freedom.
The covariant quantities of a vector multiplet are associated with a reduced chiral multi-
plet. The covariant quantities of the Weyl multiplet are also associated with a reduced
chiral multiplet Wijab. Products of chiral multiplets are also chiral, and one thus gets a
chiral multiplet Â =W2 = εikεjlW
ij
abW
abkl. The lowest component of Â is Â = (T ijab εij)
2
and the highest component of Â contains terms quadratic and linear in the curvature.
The problem of building Lagrangians with terms quadratic in the curvature thus reduces
to the simpler problem of coupling the chiral multiplet Â to the superconformal theory.
4. Compensating multiplet: This multiplet will be used as a compensator to fix the extra
gauge transformations. There are three types of compensators that have been used in
the literature so far, a non-linear multiplet, a compensating hypermultiplet and a tensor
multiplet. As an example, we discuss the non-linear multiplet [87, 89]. Other multiplets
have their relative advantages, in particular the compensating hypermultiplet is used
extensively for the treatment of higher derivative terms [90].
Non-linear multiplet: (
Φiα, λ
i,M ij , Va
)
(4.26)
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where λi is a spinor SU(2) doublet, M ij is a complex antisymmetric matrix of Lorentz
scalars, and Va is a real Lorentz vector. Φ
i
α is an SU(2) matrix of scalar fields with
the α index transforming in the fundamental of a rigid SU(2), it describes three real
scalars. Naively, the multiplet has 9+8 degrees of freedom, but there is a supersymmetric
constraint on the vector Va which reduces the degrees of freedom to 8 + 8:
DaVa − 3D − 1
2
V aVa − 1
4
|Mij|2 +DaΦi αDaΦαi + fermions = 0 (4.27)
4.2.2 Superconformal action
The procedure to get invariant actions is as follows: one first finds an invariant Lagrangian for a
chiral multiplet, this was solved in [16]. The second step is to write down a scalar function, the
prepotential F (XI) of the vector multiplets which is a meromorphic homogeneous function of
weight 2. One then uses the chiral Lagrangian of the first step for the chiral multiplet F. This
gives the two derivative N = 2 Poincare´ supergravity after gauge fixing. To include coupling
to curvature square terms, one extends the function F to depend on the lowest component Â
of the chiral multiplet Â = W2. F (XI , Â) is holomorphic and homogeneous of degree two in
all its variables. One then uses the chiral Lagrangian of the first step for the chiral multiplet F.
We use the following notations. The prepotential which is a meromorphic function of its
arguments obeys the homogeneity condition:
F (λX, λ2Â) = λ2F (X, Â) . (4.28)
Its various derivatives are defined as:
FI =
∂F
∂XI
, FÂ =
∂F
∂Â
, FIJ =
∂2F
∂XI∂XJ
, FÂI =
∂2F
∂XI∂Â
, FÂÂ =
∂2F
∂Â2
. (4.29)
Following the above procedure, one gets a invariant action for I = 1, 2, . . . , NV + 1 vectors
coupled to conformal supergravity. The bosonic part of the action is:
e−1L = i
[
F IX
I(
1
6
R−D) +∇µFI∇µXI
+
1
4
FIJ(F
−I
ab −
1
4
X
I
T ijab εij)(F
−abJ − 1
4
X
J
T ijab εij)
−1
8
FI(F
+I
ab −
1
4
XITabij ε
ij) T ijab εij −
1
8
FIJY
I
ijY
Jij − 1
32
F (Tabij ε
ij)2
+
1
2
FÂĈ −
1
8
FÂÂ(ε
ikεjlB̂ijB̂kl − 2F̂−abF̂−ab) +
1
2
F̂−abFÂI(F
−I
ab −
1
4
X
I
T ijab εij)
−1
4
B̂ijFÂIY
Iij
]
+ h.c. (4.30)
To get to the N = 2 Poincare´ supergravity, one has to gauge fix the extra gauge transfor-
mations of the superconformal theory. To gauge fix the special conformal transformations, one
sets the K-gauge:
bµ = 0 . (4.31)
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To gauge fix the dilatations, one impose the D-gauge:
− i(XIF I − FIXI) = 1 . (4.32)
To fix the chiral U(1) symmetry, one fixes the A-gauge:
X0 = X
0
. (4.33)
Due to these constraints on the scalars, the Poincare´ supergravity has only NV independent
scalars.
In order to fix the S-supersymmetry, one imposes another gauge called the S-gauge. This
constraint can be solved by eliminating one of the vector multiplet fermions. This gauge also
breaks Q-supersymmetry, but a combination of the S and Q supersymmetries is preserved and
corresponds to the physical supertransformations in the Poincare´ theory.
Finally, to fix the local SU(2) symmetry, one imposes the V -gauge:
Φiα = δ
i
α (4.34)
At each step in the gauge fixing process, one has to be careful to respect the previous
gauge choices, and this leads to compensating field dependent transformations in the rules for
the various remaining transformations. This is one of the reasons the final theory is more
complicated. Finally, one has to solve algebraic equations to get rid of the auxiliary fields D
and χ. At the end of this procedure, one gets the N = 2 Poincare´ supergravity with a bosonic
Lagrangian:
8πe−1L = (−i(XIF I − FIXI)) · (−1
2
R)
+
[
i∇µFI∇µXI + 1
4
iFIJ(F
−I
ab −
1
4
X
I
T ijab εij)(F
−abJ − 1
4
X
J
T ijab εij)
−1
8
iFI(F
+I
ab −
1
4
XITabij ε
ij)T ijab εij −
1
8
iFIJY
I
ijY
Jij − i
32
F (Tabij ε
ij)2
+
1
2
iFÂĈ −
1
8
iFÂÂ(ε
ikεjlB̂ijB̂kl − 2F̂−abF̂−ab) +
1
2
iF̂−abFÂI(F
−I
ab −
1
4
X
I
T ijab εij)
−1
4
iB̂ijFÂIY
Iij + h.c.
]
−i(XIF I − FIXI) · (∇aVa − 1
2
V aVa − 1
4
|Mij|2 +DaΦi αDaΦαi) . (4.35)
Note that both the covariant derivatives defined above are used in this expression, they are
related by
DaVa = ∇aVa − 2faa + fermionic terms . (4.36)
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4.3 Localization
We now turn to the evaluation of the supersymmetric black hole functional integral defined in
§3.2 using the localization techniques discussed in §4.1. We use the formalism of §4.2 so that
the supercharge used for localization is realized off-shell.
The on-shell equations of motion that follow from the above Lagrangian (4.35) admit a
half-BPS black hole solution [91, 92, 93, 90]. The near horizon geometry is an AdS2×S2 which
admits eight conformal supersymmetries8. The values of other fields are determined by the
attractor mechanism [94, 95, 96] in terms of the charges consistent with the isometries. The
near-horizon AdS2 × S2 geometry with the attractor values of the other fields can also directly
be derived from the BPS equations [97].
We first review this on-shell solution in §4.3.1. We then proceed to find the localizing
instanton solution in §4.3.2 and evaluate the renormalized action for this solution in §4.3.3. We
will sometimes refer to the localizing solution as the off-shell solution since for this solution
the scalar fields are excited away from the attractor values inside the AdS2. In §4.3.4 we put
together these ingredients to reduce the functional integral of Ŵ (q, p) to an ordinary integral
on the localizing submanifold.
4.3.1 On-shell attractor geometry
Symmetries of AdS2 × S2 imply that various field in the near horizon region take the form
ds2 = v
[
−(r2 − 1)dt2 + dr
2
r2 − 1
]
+ v
[
dψ2 + sin2(ψ)dφ2
]
,
F Irt = e
I
∗, F
I
ψφ = p
I sinψ, XI = XI∗ , T
−
rt = v w ,
D − 1
3
R = 0, Mij = 0, Φ
α
i = δ
α
i , Y
I
ij = 0 . (4.37)
The values of the constants (eI∗, X
I
∗ , v∗) that appear in this solution are determined in terms of
the charges (qI , p
I) by the attractor equations which follow from the BPS conditions [91], or,
equivalently using the entropy function formalism [89]:
v =
16
ww
, Aˆ = −4ω2 , (4.38)
eI∗ − ipI −
1
2
X
I
∗vw = 0 , (4.39)
4i(w−1F I − w−1FI) = qI . (4.40)
Taking the real and imaginary parts of (4.39) and substituting (4.38) gives
4(w−1X
I
∗ + w
−1XI∗ ) = e
I
∗ , (4.41)
4i(w−1X
I
∗ − w−1XI∗ ) = pI , (4.42)
8As mentioned above, these conformal supersymmetries are not the conformal supersymmetries of the four-
dimensional theory discussed in the last section, the latter are gauge symmetries in that formalism.
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where FI should be thought of as functions ofX
I
∗ . This geometry preserves eight superconformal
supersymmetries as reviewed §A which extends the symmetries to the supergroup SU(1, 1|2)⊗
SU(2)′ discussed in §4.1.2. The field w can be fixed by a gauge choice. In the rest of the paper,
we choose a gauge in which w = w = 4 using the local scaling symmetry of the Lagrangian and
the U(1) invariance. In this gauge, the radius v of both AdS2 and S
2 equals one, this simplifies
the discussion of Killing spinors9.
4.3.2 Localizing action and the localizing instantons
In order to use the technique of localization for our system, we need to pick a subalgebra of the
full supersymmetry algebra discussed in §4.1.2, whose bosonic generator is compact. We shall
choose the subalgebra generated by the action of the supercharge
Q1 = G
++
+ +G
−−
− , (4.43)
which generates the compact U(1) action:
Q21 = 4(L− J) . (4.44)
The explicit form of the Killing spinors can be found in §A. The above choice of the supercharge
corresponds to choosing the supersymmetry parameter ζ1 defined in (A.18). In this section, we
use the notation Q ≡ Q1, ζ ≡ ζ1.
The localizing Lagrangian is then defined by
LQ := QV with V := (QΨ,Ψ) , (4.45)
where Ψ refers to all fermions in the theory. The localizing action is then defined by
SQ =
∫
d4x
√
gLQ . (4.46)
The localization equations that follow from this action are
QΨ = 0 . (4.47)
These are the equations that we would like to solve.
We assume that the supergroup isometries of the near horizon geometry are not broken
further by the Weyl multiplet fields. By construction, as long as these symmetries are main-
tained, the fermions of the Weyl multiplet do not transform under the action of Q (A.1) –(A.3)
in the AdS2 attractor background. One can check that the fermions of the chiral multiplet
and the non-linear multiplet also do not transform in this background. This prompts us to
look for solutions where one still has the AdS2 attractor geometry, but the scalars of the vector
9This is different from the gauge used in the previous section and also from the gauge ω = 8 which is
commonly used. These gauge choices do not affect considerations in this paper, but a better understanding of
different gauge choices can be useful to simplify the analysis. We plan to return to this issue in future.
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multiplets can move away from their attractor values10. As we will see there do exist nontriv-
ial solutions where the vector multiplet fields get excited maintaining the symmetries of the
attractor geometry.
The action of Q on the fermionic field of the vector multiplet takes the form (A.19)
QΩIi+ =
1
2
(F I−µν −
1
4
X
I
T−µν) γ
µ γν ζ i+ + 2i6∂XI ζ i− + Y Iij ζj+ , (4.48)
QΩIi− =
1
2
(F I+µν −
1
4
XI T+µν) γ
µ γν ζ i− + 2i6∂XI ζ i+ + Y Iij ζj− . (4.49)
Let us recall the attractor equations for the constant values of the various fields in terms
of the electric gauge field strengths eI and the magnetic charges pI :
eI∗ − ipI − 2X
I
∗ = 0 , e
I
∗ + ip
I − 2XI∗ = 0 Y Iij∗ = 0 . (4.50)
We are interested in the off-shell solutions in which the vector multiplet scalars XI move away
from their attractor values XI∗ . We therefore parametrize the off-shell X
I fields as
XI := XI∗ + Σ
I , X
I
:= X
I
∗ + Σ
I
, (4.51)
so that ΣI and Σ
I
are values the scalar fields away from the attractor values. We further write
ΣI = HI + iJI , Σ
I
= HI − iJI . (4.52)
Note that Y Iij = ǫikǫjlY
Ikl are triplets under the SU(2) rotation. It will turn out that for the
BPS equations that we solve, they all have to be aligned along the same direction in the SU(2)
space. Hence we parametrize them as
Y I11 = −Y I22 = KI ; Y I12 = Y I21 = 0 , (4.53)
where we have defined Y ij = εjkY
ik. Similarly we parametrize the gauge fields away from the
attractor values as
F Iµν = F
I
µν∗ + f
I
µν . (4.54)
With this parametrization, we can add the two equations (4.48) and perform a Euclidean
continuation to obtain
QΩIi =
1
2
f Iab γ
a γb ζ i + 2i6∂HI ζ i + 2 6∂JI γ5ζ i − 2iHIγ0γ1ζ i − 2JIγ2γ3ζ i + Y Iij ζj . (4.55)
for the Dirac spinors ΩIi = ΩIi+ + Ω
Ii
− . Note that the a, b are tangent space indices and all
gamma matrices γa above are constant matrices of Euclidean R4.
The inner product for spinors χ1 and χ2 in Euclidean space is simply
(χ1 , χ2) = χ
†
1χ2 . (4.56)
10Solutions more general than our simplifying ansatz are in principle possible where the Weyl multiplet fields
also vary inside the AdS2 .
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With this inner product, the localization Lagrangian (4.45) restricted to only the vector multi-
plet fermions is given by
LQ = QV := Q(QΨ,Ψ) (4.57)
with V chosen as in (4.45) with Ψ denoting the vector multiplet fermions. Note that V is
H-invariant because ζ is independent of the combination θ − φ and H is the vector field that
generates translations along θ − φ. The bosonic part of this Lagrangian is
LQbos ≡ QV
∣∣
bosonic
=
nV∑
I=0
(QΩI , QΩI) . (4.58)
With our choice of the inner product (4.56) this Lagrangian is manifestly positive definite.
The choice of Q is determined by the choice of the Killing spinor ζ . Substituting the explicit
form of the Killing spinor ζ and the gamma matrices defined in §A, the bosonic Lagrangian
LQbos as a function of the fields H, J,K, f can be evaluated after somewhat tedious algebra. We
find that 1
2
LQbos equals
cosh(η)
[
K − 2sech (η)H)]2
+ 4 cosh(η)
[
H1 +H tanh(η)
]2
+ 4 cosh(η)[H20 +H
2
2 +H
2
3 ]
+ 2A
[
f−01 − J −
1
A
(sin(ψ)J3 − sinh(η)J1)
]2
+ 2B
[
f+01 + J −
1
B
(sin(ψ)J3 + sinh(η)J1)
]2
+ 2A
[
f−03 +
1
A
(sin(ψ)J1 + sinh(η)J3)
]2
+ 2B
[
f+03 +
1
B
(sin(ψ)J1 − sinh(η)J3)
]2
+ 2A
[
f−02 +
1
A
(sin(ψ)J0 + sinh(η)J2)
]2
+ 2B
[
f+02 −
1
B
(sin(ψ)J0 + sinh(η)J2)
]2
+
4 cosh(η)
AB
[sinh(η)J0 − sin(ψ)J2]2 + 4 cosh(η) sinh
2(η)
AB
[J21 + J
2
3 ] , (4.59)
where
HIa := e
µ
a∂µH
I , JIa := e
µ
a∂µJ
I , (4.60)
and
A := cosh(η) + cos(ψ) , B := cosh(η)− cos(ψ) . (4.61)
It is understood that in (4.59) all squares are summed over the index I. Recall that a = 0, 1, 2, 3
correspond to the directions along the coordinates θ, η, φ, ψ respectively used for example in
(4.8). Since A and B are positive, LQbos is a sum of positive squares.
The minimization equations now follow by setting each of the squares in (4.59) to zero.
This leads to simple first order differential equations for various fields which have to be solved
with boundary conditions consistent with the definition of the original functional integral on
Euclidean AdS2 space. Equations (4.51), (4.53), (4.54) imply that fields Σ
I and KI and f I
must vanish at the boundary.
– 48 –
It is easy to see that with these boundary conditions, JI and f Iab must both vanish through-
out space. Setting the first line in (4.59) to zero implies
KI =
2HI
cosh(η)
(4.62)
Setting the second line in (4.59) to zero leads to differential equations that can be easily solved
to obtain
HI =
CI
cosh(η)
. (4.63)
We have thus succeeded in finding a family of exact solutions to the localization equations which
respect the classical boundary conditions on AdS2 and are smooth everywhere in the interior.
In terms of the original variables defined in (4.51), we have
XI = XI∗ +
CI
cosh(η)
, X
I
= X
I
∗ +
CI
cosh(η)
(4.64)
Y I11 = −Y I22 =
2CI
cosh(η)2
. (4.65)
Since the scalar fields are now excited away from their attractor values, they are no longer at the
minimum of the classical entropy function. Even though scalar fields ‘climb up’ the potential
away from the minimum of the entropy function the solution remains Q-supersymmetric (in
the Euclidean theory) because an auxiliary field gets excited appropriately to satisfy the Killing
spinor equations.
It is worth pointing out that the solutions (4.63) and (4.62) look much simpler if we use
the conformal transformation (4.13) in §4.1.2 to map AdS2×S2 to S4. Since the scalar fields X
and the auxiliary fields Y have Weyl weight 1 and 2 respectively, and since the conformal factor
is cosh(η), the fields Σ and Y are simply constant on S4. This is very similar to the localizing
solution found by Pestun [11] in a very different context of computing the expectation value of
Wilson line in super Yang-Mills theory on S4. Of course, under this conformal transformation
the attractor values also will transform and since they are constant on AdS2× S2, they will no
longer be constant on S4. It is therefore more natural to work in the AdS2 × S2 frame. In any
case, for computing the quantum entropy, the AdS2 boundary conditions play an important
role as we will see in the next subsection. As pointed out in [12], in this frame our computation
has close formal similarity with the gauge theory computation of ‘t Hooft-Wilson line in the
formulation of [98, 99] which could be useful in the computation of one-loop determinants and
the instanton contributions. Note that we are using localization techniques to evaluate a bulk
functional integral of supergravity whereas in [11, 98, 99] it was used to evaluate a functional
integral in the boundary gauge theory.
4.3.3 Renormalized action for the localizing instantons
To obtain the exact macroscopic quantum partition function we would like to evaluate the
renormalized action restricted to the submanifold MQ in field space of localizing instantons.
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We will find that even though both the original action and the solution are rather complicated,
the renormalized action is a remarkably simple function of the collective coordinates {CI}
determined entirely by the prepotential. Recall that the renormalized action defined in the last
section takes the form
Sren := Sbulk + Sbdry + i qI
2
∫ 2π
0
AIθ dθ . (4.66)
The charges used here are related to the ones used in (3.13) by qI = −2qi to be consistent with
the normalization of gauge fields used in the literature, for example, in the reviews [68, 87].
We proceed to evaluate the bulk action given as a four dimensional integral of the the
supergravity Lagrangian (4.35) over AdS2×S2. We note first that since various auxiliary fields
vanish for the off-shell solution, the Lagrangian (4.35) simplifies to (recall Â = (T ijab εij)
2):
8π L = − i
2
(XIF I −XIFI)R
+
[
i ∂µFI ∂
µX
I
+
i
4
FIJ (F
−I
µν −
1
4
X
I
T ijµνεij)(F
−Jµν − 1
4
X
J
T µνijεij)
+
i
8
F I (F
−I
µν −
1
4
X
I
Tµνijε
ij) T ijµνεij −
i
8
FIJ Y
I
ij Y
Jij +
i
32
F Aˆ+
i
2
FAˆ Cˆ + h.c.
]
. (4.67)
Moreover, for AdS2× S2 both the Ricci scalar R and the Weyl tensor C are zero. Substituting
XI = XI∗ + Σ
I and X
I
= X
I
∗ + Σ
I
from (4.51) and using the attractor equation (4.50) in the
form
F−Iµν −
1
4
X∗
I
T ijµνεij = 0 , (4.68)
we get
8π L = i FIJ (∂ηΣI)(∂ηΣJ)− i FIJΣI ΣJ + i
4
FIJ K
IKJ + 2i F I Σ
I − 2i F + h.c. . (4.69)
Substituting the solution (4.64) into the above equation, we find that the first three terms add
up to zero. We are thus left with
8πL = 2iF IΣI − 2iF + h.c. . (4.70)
Since we keep the classical values XI∗ , X
I
∗ fixed in this problem, differentiating with respect to
XI is the same as differentiating with respect to ΣI . This can be explicitly evaluated to find
8π L = 2i∂r
(
r(F − F )) , with ΣI = CI
r
. (4.71)
The N = 2 supergravity Euclidean action is
Sbulk =
∫
d4x
√
gL . (4.72)
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The off-shell fields do not depend on the coordinates of the S2 and the angular variable θ of
the AdS2. These integrals can be done trivially and give an overall factor of 8π
2, so that
Sbulk = 8π2
∫ η0
0
L sinh(η) dη = 8π2
∫ r0
1
L dr ,
= 2πi
∫ r0
1
dr∂r
(
r(F − F )) ,
= 2πir0
[
F
(
XI∗ +
CI
r0
)− F (XI∗ + CIr0 )
]
− 2πi
[
F (XI∗ + C
I)− F (XI∗ + CI)
]
.
(4.73)
The first piece in (4.73) which is linear in r0 can be rewritten as:
2πir0
(
F
(
XI∗ +
CI
r0
)− F(XI∗ + CIr0 )
)
=
= 2πir0
(
F (XI∗ )− F (XI∗ )
)
+ 2πi(FI(X
I
∗ )− F I(XI∗ ))CI +O(1/r0)
= 2πir0
(
F (XI∗ )− F (XI∗ )
)− 2πqICI +O(1/r0) (4.74)
where we have used a Taylor expansion in the first line and the attractor equation
FI(X
I
∗ )− F I(XI∗ ) = iqI (4.75)
in the second.
The Wilson line evaluates to
i
qI
2
∫ 2π
0
AIθ dθ = πqIe
I
∗(r0 − 1) . (4.76)
Hence we choose
Sbdry = −2πr0
(
qI e
I
∗
2
+ i
(
F (XI∗ )− F (XI∗ )
))
. (4.77)
so that Sren = Sbulk + Sbdry + i q2
∮
A is finite.
As explained in section §3, the main purpose of the boundary action is to cancel the
divergence in the bare bulk action plus Wilson line which grows linearly with the length of the
boundary. In order to cancel this divergence, we use a boundary cosmological constant which
must be specified along with the other boundary data. Indeed we have found that Sbdry which
is a constant that grows linearly with the length of the boundary indeed only depends on the
fixed charges and not on the fluctuating fields.
In general, however, there could be a finite part of the boundary action which does depend
on the fields that are integrated over. The full boundary action should be constrained by
supersymmetry. We shall discuss the supersymmetry of the functional integral in appendix
§C. The conclusion of the analysis in appendix §C is quite simple – the finite part of the
boundary action in our problem actually vanishes due to supersymmetry, and therefore the
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above prescription for Sren as a sum of terms (4.73), (4.77) and (4.76) is already supersymmetric.
In appendix §C, we shall rewrite the above in a manner that is manifestly supersymmetric. This
rewriting takes the form of a functional integral with a supersymmetric Wilson line [100, 101]
with the bulk action as above (4.73), and a boundary action which exactly cancels the boundary
piece in (4.73).
We thus obtain the following expression for the renormalized action:
Sren = −π qI eI∗ − 2πqICI − 2πi
(
F (XI∗ + C
I)− F (XI∗ + CI)
)
, (4.78)
The notation eI∗ refers to the classical values of the electric field strengths as a function of the
charges (qI , p
I). Using the scalar attractor values (4.41), and the new variable
φI ≡ eI∗ + 2CI , (4.79)
we can express the renormalized action in a remarkably simple form:
Sren(φ, q, p) = −πqIφI + F(φ, p) . (4.80)
with
F(φ, p) = −2πi
[
F
(φI + ipI
2
)
− F
(φI − ipI
2
)]
. (4.81)
Note that the electric field remains fixed at the attractor value but φI can still fluctuate with
CI taking values over the real line. We will discuss the significance of this fact in §4.4. Note
also that the prepotential is evaluated at precisely for values of the scalar fields at the origin
of AdS2 and not at the boundary of AdS2. Thus the classical contribution to the localization
integrand will be of the form
eSren = e−πφ
IqI+F(φ,p) (4.82)
There will be additional contributions to the integral which we discuss next.
4.3.4 Evaluation of Ŵ (q, p)
We have thus determined which field configuration to integrate over and the classical action for
these configuration. The full functional integral will require three additional ingredients.
• The integration measure over the {CI} fields over the submanifold MQ of critical points
of Q simply descends from the measure µ of supergravity over the field space M. We
denote this measure by [dC]µ which can be computed using standard methods of collective
coordinate quantization.
• There will be one-loop determinants of fluctuations around the localizing manifold which
can be evaluated from the quadratic piece of the localizing action SQ. We denote this
determinant contribution by Zdet. It is in principle a straightforward but technically in-
volved computation. Very similar determinants have been analyzed in detail for gauge
theory [11]. In string theory, the one-loop determinants and the duality invariance mea-
sure around the on-shell solution have been analyzed in [75] and in [102, 103] respectively.
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Some aspects of these computations both from gauge theory and from around the on-shell
saddle point could be adapted to study the measure and determinants around our off-shell
instantons solutions [19].
• In addition, there will be a contribution from point instantons and anti-instantons viewed
as singular configurations that couple to the vector multiplet fields as long as they preserve
the same supersymmetry. In gauge theory computations [11], the instantons will be
localized at the center of AdS2 and at the north pole of the S
2 whereas the anti-instantons
will be be localized at the center of AdS2 and at the south pole of the S
2. Since string
theory contains gauge theory at low energies we expect a similar structure also in string
theory. We denote this generating function for the instantons by Zinst. The generating
function for anti-instantons will be the complex conjugate of the generating function for
instantons. We will thus get a factor of |Zinst|2 which will depend on the details of the
string compactification, the spectrum of wrapped brane-instantons, and the duality frame
under consideration. In gauge theory this generating function is the equivariant instanton
partition function computed by Nekrasov [104]. Since the low energy limit of string theory
will reduce to gauge theory on AdS2 × S2, it would be interesting to explore if there are
generalization of the gauge theory results to string theory.
Putting these ingredients together we can conclude that the functional integral will have
the form
Ŵ (q, p) =
∫
MQ
e−πφ
IqIeF(φ,p)|Zinst|2Zdet [dC]µ . (4.83)
Note that the Wilson line Ŵ corresponds to localization on AdS2 × S2 while W (q, p) can
contain additional contributions coming from orbifolds. We have thus successfully reduced the
functional integral to ordinary integrals. The dominant piece of the answer given by e−Sren we
have already evaluated explicitly.
In specific string compactifications the undetermined factors Zdet and |Zinst|2 can simplify.
For example, with N = 4 supersymmetry, in gauge theory both |Zinstanton|2 and Zdet equal
unity. Similarly, it was found in [75] that very similar determinant factors for vector multiplets
equal unity N = 4 theories. One expects that this simplification will extend to the factors
appearing in (4.83) around the localizing solution in N = 4 theories.
4.4 Quantum entropy and the topological string
We now turn to the original problem of evaluating of W (q, p). There are several issues that
have to be addressed to extend the supergravity computation to a full string computation.
• First, the full action of string theory of course contains more fields in addition to vector
multiplets, in particular the hyper multiplets.
• Second, even if we restrict our attention to vector multiplets, the action will in general
contain not just the F-terms which are chiral superspace integrals but also the D-terms
which are nonchiral superspace integrals.
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• Third, there can be additional contributions from functional integral over orbifolds of
AdS2 that are allowed in the full string theory but not visible in supergravity.
We discuss these questions below.
4.4.1 D-terms, hyper-multiplets, and evaluation of W (q, p)
We have thus far considered only F-type terms for the action of the vector multiplets which are
chiral integrals over N = 2 superspace of the form ∫ d4θ. The effective action of string theory
will contain in general D-type terms which are nonchiral integrals over N = 2 superspace of
the form
∫
d4θd4θ. It is not a priori clear that these terms will not contribute to the functional
integral. We would like to make the following two observations in this connection.
• Since our localizing action SQ follows from off-shell supersymmetry transformations, it
does not depend on what terms are present in the physical action S. Hence our localizing
instanton solutions are universal and they will continue to exist even with the addition of
the D-terms. The question then reduces to evaluating the D-terms on these solutions to
obtain their contribution to the renormalized action.
• It has recently been shown [105] that a large class of D-type terms do not contribute
to the Wald entropy. This class of terms are constructed using the ‘kinetic multiplet’ T
obtained from a chiral multiplet Φ of Weyl weight 0 by T = D
4
Φ which transforms like a
chiral multiplet of Weyl weight 2. One can construct now supersymmetry invariant terms
in the action as chiral integrals
∫
d4θ with arbitrary polynomials involving the kinetic
multiplet and other chiral multiplets. Since four antichiral derivatives have the same
effect as the four antichiral integrals, these terms correspond to D-terms with non chiral
integrals
∫
d4θd4θ of terms involving the original field Φ. The nonrenormalization theorem
of [105] shows that D-terms of this type do not contribute to the Wald entropy. Since the
renormalized action of the localizing instantons follows from the bulk action and has the
same form as the entropy function, it should be possible to extend this nonrenormalization
theorem to the renormalized action discussed in this paper.
These two points indicate that the D-terms, or at least a large subclass of them, may in fact
not contribute to the renormalized action.
Adding hyper multiplets does not change the transformation rules of the vector multiplets.
We therefore expect that the localizing instantons that we have found here will continue to
exist. There could be in principle additional localizing solutions where hyper multiplet fields
are excited but this may not necessarily happen. It then only remains to check that the coupling
of hyper multiplets and vector multiplets at high order cannot contribute to the renormalized
action. Lacking an offshell formulation of couplings between hypers and vectors, we cannot
at present address this question but perhaps something analogous to the nonrenormalization
theorem discussed above can be extended to these terms as well.
In any case, these questions can be systematically investigated in the context of our off-
shell localizing instantons. If some of the D-terms do happen to contribute to the renormalized
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action, their contribution can be taken into account by evaluating them on the off-shell solutions.
Similarly if there are new localizing instantons upon the inclusion of hypers, those too can be
added as separate contribution to the final answer for the functional integral.
If the hyper multiplets and D-terms can be ignored for reasons outlined above, one can
conclude that W0(q, p) has the same form as Ŵ (q, p) evaluated in §4.3
W0(q, p) =
∫
MQ
e−πφ
IqI |Ztop(φ, p)|2 Zdet [dC]µ (4.84)
The contribution from the orbifolds of AdS2 also has a very similar structure since the localizing
instanton solution is still valid.
5. Quantum entropy of large black holes in IIB on T 6
The AdS2/CFT1 correspondence thus provides a simple and yet nontrivial example of holog-
raphy. Note that d(q, p) is the statistical degeneracy of the ensemble of quantum microstates
that correspond to the black hole which in general is a highly nontrivial function of the integer
charges. If the black hole preserves at least four supersymmetries this degeneracy equals an
index and hence can be computed reliably in several examples. On the other hand, W (q, p) is
the generalization of the exponential of the Wald entropy of the black hole. The equality of
d(q, p) and W (q, p) for arbitrary finite values of the charges11 can thus be viewed as a statistical
interpretation of the exact quantum entropy of the black hole for finite charges, including all
corrections–both perturbative as well as nonperturbative in 1/Q where Q denotes a generic
charge. It would be a rather nontrivial check of the nonperturbative structure of string theory
if W (q, p) evaluated from a functional integral of string theory can precisely reproduce the full
functional dependence of this integer d(q, p) on the integral charges (q, p).
In this section we apply the previous results in the concrete context of supersymmetric black
holes preserving four supersymmetries in N = 8 supersymmetric compactifications of string
theory to four spacetime dimensions. Since the structure of the N = 8 theory is particularly
simple, it enables us to analytically perform the ordinary integrals that remain after localization
and evaluateW (q, p) even after including nonpertubative effects. The resultingW (q, p) matches
in remarkable details with the quantum degeneracies d(q, p) of these black holes that are known
independently [19].
5.1 Microscopic Quantum Partition Function
Consider Type-II string compactified on a 6-torus T 6. The resulting four-dimensional theory
has N = 8 supersymmetry with 28 massless U(1) gauge fields. A charged state is therefore
characterized by 28 electric and 28 magnetic charges which combine into the 56 representation
11Rules of AdS2/CFT1 correspondence suggest that the natural ensemble to make this comparison is the
microcanonical ensemble fixing all charges rather than chemical potentials [8, 9].
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of the U-duality group E7,7(Z). Under the SO(6, 6;Z) T-duality group, the 28 gauge fields
decompose as
28 = 12 + 16 (5.1)
where the fields in the vector representation 12 come from the NS-NS sector, while the fields in
the spinor representation 16 come from the R-R sector. We obtain an N = 4 reduction of this
theory by dropping four gravitini multiplets. Since each graivitini multiplet of N = 4 contains
four gauge fields, this amounts to dropping sixteen gauge fields which we take to be the R-R
fields in the above decomposition.The U-duality group of the reduced theory is
SO(6, 6;Z)× SL(2,Z) (5.2)
where SL(2,Z) is the electric-magnetic S-duality group.
5.1.1 Charge Configuration
We will be interested in one-eighth BPS dyonic states in this theory which perserve four of
the thirty-two supersymmetries. To simplify things, we consider the 6-torus to be the product
T 4×S1× S˜1 of a 4-torus and two circles. Let n and w be the momentum and winding along the
circle S1, and K and W be the corresponding Kaluza-Klein monopole and NS5-brane charges.
Let n˜, w˜, K˜, W˜ be the corresponding charges associated with the circle S˜1. A general charge
vector with these charges can be written as a doublet of SL(2,Z)
Γ =
[
Q
P
]
=
[
n˜ n w˜ w
W˜ W K˜ K
]
B′
, (5.3)
where the subscript B′ denotes a particular Type-IIB duality frame. The T-duality invariants
for this configuration are [106]
Q2 = 2(nw + n˜w˜) , P 2 = 2(KW + K˜W˜ ) , Q · P = nK + n˜K˜ + wW + w˜W˜ , (5.4)
and the quartic U-duality invariant can be written as
∆ = Q2P 2 − (Q · P )2 . (5.5)
For our purposes it will suffice to excite only five charges
Γ =
[
0 n 0 w
W˜ W K˜ 0
]
B′
(5.6)
so that the T-duality invariants are all nonzero. There are three other duality frames that are
of interest.
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• Frame B: In this frame the charge configuration becomes
Γ =
[
0 n 0 K˜
Q1 n˜ Q5 0
]
B
, (5.7)
where Q1 is the number of D1-branes wrapping S
1 and Q5 is the number of D5-branes
wrapping T 4 × S1. This frame is particularly useful for the microscopic derivation of the
degeneracies described in §5.1.2. With K˜ = 1, the Kaluza-Klein monopole interpolates
between R3× S˜1 at asymptotic infinity and R4 at the center. The momentum n˜ at infinity
becomes angular momentum at the center. This allows for a 4d-5d lift [46, 26] to relate
the degeneracies of the four-dimensional state to those of five-dimentional D1-D5 system
carrying momentum n and angular momentum n˜.
• Frame A: In this frame the charge configuration becomes
Γ =
[
0 q0 0 −p1
p2 q2 p
3 0
]
A
, (5.8)
where q0 is the number of D0-branes, q2 is the number of D2-branes wrapping S
1× S˜1, p1
is a D4-brane wrapping T 4, p2 is a D4-brane wrapping Σ67×S1× S˜1 and p3 is a D4-brane
wrapping Σ89 × S1 × S˜1 where Σij is a 2-cycle in T 4 along the directions ij. We will use
this frame for localization in §5.2 and §5.4.
• Frame B′′ : In this frame the charge configuration becomes
Γ =
[
0 n 0 Q5
Q3 Q1 Q3 0
]
B′′
, (5.9)
where all D-branes wrap the circle S1 and an appropriate cycle in the T 4.
We can choose a charge configuration which is even simpler:
Γ =
[
0 n 0 1
1 ν 1 0
]
(5.10)
where n is a positive integer and ν takes values 0 or 1. The U-duality invariant is
∆ = 4n− ν2 . (5.11)
It is clear that ν = ∆ modulo 2, and so these states are completely specified by ∆. The states
preserve four of the thirty-two supersymmetries. We will henceforth denote the degeneracies of
these one-eighth BPS-states with charges (5.10) by d(∆) instead of d(q, p).
We should emphasize that a large class of states with the same value of ∆ can be mapped
by U-duality to the state (5.10) considered here but that does not exhaust all states. Note
that the invariant ∆ is the unique quartic invariant of the continous duality group E7,7(R) but
in general there are additional arithmetic duality invariants of the arithmetic group G(Z) that
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cannot be written as invariants of G(R). As a result, not all states with the same value of ∆ are
related by duality. Classification of arithmetic invariants of G(Z) is a subtle number-theoretic
problem. For example, for the N = 4 compactification where the duality group O(22, 6;Z)×
SL(2,Z), essentially the only relevant arithmetic invariant is given by I = gcd(Q∧P ); and the
degeneracies are known for all values of I [49, 50, 29, 30]. To our knowledge a similar complete
classification of E7,7(Z) invariants is not known at present. This would be a problem if one
wishes to use canonical or a mixed ensemble. For our purposes, since we will working in the
microcanonical ensemble, it will suffice to know the degeneracies for the states in the duality
orbit of (5.10).
5.1.2 Microscopic Counting
The degeneracies of the 1/8-BPS dyonic states in the type II string theory on a T 6 are given
in terms of the Fourier coefficients of the following counting function [27, 107, 42]:
F (τ, z) =
ϑ21(τ, z)
η6(τ)
. (5.12)
where ϑ1 is the Jacobi theta function and η is the Dedekind function. With q := e
2πiτ and
y := e2πiz , they have the product representations
ϑ1(τ, z) = q
1
8 (y
1
2 − y− 12 )
∞∏
n=1
(1− qn)(1− yqn)(1− y−1qn) ,
η(τ) = q
1
24
∞∏
n=1
(1− qn) . (5.13)
The derivation of the counting function is simplest in the B frame (5.7) where we have a
D1-D5 system in the background of a single Kaluza-Klein monopole. By the 4d-5d lift, the
momentum ν can be interpreted as 5d angular momentum. The counting problem essentially
reduces to counting bound states in five dimensions of a single D1-brane bound to a single
D5-brane carrying n units of momentum and ν units of angular momentum. Since the D1-
brane can move inside the D5 anywhere on the T 4, the moduli space of this motion is T 4. The
function F is the generalized elliptic genus of the corresponding superconformal field theory
with target space T 4. This is evident from the product representation which can be seen as
coming from four bosons and four fermions.
Analysis of the Fourier coefficients of F simplifies enormously by the fact that F is a weak
Jacobi form. We recall below a few relevant facts about Jacobi forms [108].
1. Definition: A Jacobi form of weight k and index m is a holomorphic function ϕ(τ, z) from
H×C to C which is “modular in τ and elliptic in z” in the sense that it transforms under
the modular group as
ϕ(
aτ + b
cτ + d
,
z
cτ + d
) = (cτ + d)k e
2πimcz2
cτ+d ϕ(τ, z) ∀
(
a b
c d
)
∈ SL(2;Z) (5.14)
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and under the translations of z by Zτ + Z as
ϕ(τ, z + λτ + µ) = e−2πim(λ
2τ+2λz)ϕ(τ, z) ∀ λ, µ ∈ Z , (5.15)
where k is an integer and m is a positive integer.
2. Fourier expansion: Equations (5.14) include the periodicities ϕ(τ + 1, z) = ϕ(τ, z) and
ϕ(τ, z + 1) = ϕ(τ, z), so ϕ has a Fourier expansion
ϕ(τ, z) =
∑
n,r
c(n, r) qn yr , (q := e2πiτ , y := e2πiz) . (5.16)
Equation (5.15) is then equivalent to the periodicity property
c(n, r) = Cr(4nm− r2) , where Cr(D) depends only on rmod2m . (5.17)
The function is called a weak Jacobi form if it satisfies the condition
c(n, r) = 0 unless n ≥ 0 . (5.18)
3. Theta expansion: The transformation property (5.15) implies a Fourier expansion of the
form
ϕ(τ, z) =
∑
ℓ∈Z
qℓ
2/4m hℓ(τ) e
2πiℓz (5.19)
where hℓ(τ) is periodic in ℓ with period 2m. In terms of the coefficients (5.17) we have
hℓ(τ) =
∑
D
Cℓ(D) q
D/4m (ℓ ∈ Z/2mZ) . (5.20)
Because of the periodicity property of hℓ, equation (5.19) can be rewritten in the form
ϕ(τ, z) =
∑
ℓ∈Z/2mZ
hℓ(τ)ϑm,ℓ(τ, z) , (5.21)
where ϑm,ℓ(τ, z) denotes the standard index m theta function
ϑm,ℓ(τ, z) :=
∑
λ∈ Z
λ= ℓ (mod 2m)
qλ
2/4m yλ =
∑
n∈Z
qm(n+ℓ/2m)
2
yℓ+2mn (5.22)
This is the theta expansion of ϕ. The vector h := (h1, . . . , h2m) transforms like a modular
form of weight k − 1
2
under SL(2,Z).
With these definitions, F (τ, z) is a weak Jacobi form of weight −2 and index 1. The indexed
degeneracies for a state carrying n units of momentum and r units of angular momentum is
then given by c(n, r) in the Fourier expansion (5.16) of F . Using (5.17) for m = 1, we see that
c(n, r) depend only on D = 4n − r2 and r mod 2 which in this case equals D mod 2. Hence,
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all information about the Fourier coefficients c(n, r) of F is contained in a single function of D
alone which we denote by C(D). Our task is thus reduced to determining C(D) given (5.12).
To read off C(D) more systematically we use the theta expansion
F (τ, z) = h0(τ)ϑ1,0(τ, z) + h1(τ)ϑ1,1(τ, z) . (5.23)
The functions hℓ(τ) in this case are given explicitly by:
h0(τ) = −ϑ1,1(τ, 0)
η6(τ)
= −2− 12q − 56q2 − 208q3 . . . (5.24)
h1(τ) =
ϑ1,0(τ, 0)
η6(τ)
= q−
1
4
(
1 + 8q + 39q2 + . . .
)
(5.25)
For even and odd D, the coefficients C(D) can be read off from these expansions of h0 and h1
respectively using (5.20).
It is clear that D can be identified with the duality invariant ∆ in (5.11). The degeneracies
are then given in terms of C(D) by
d(∆) = (−1)∆+1C(∆) . (5.26)
The factor of (−1)∆ arises because the state in five dimensional spacetime is fermionic for odd
∆ and contributes to the index with a minus sign. The overall minus sign arises in relating the
4d degeneracies to the 5d degeneracies using the 4d-5d lift [107, 42].
5.1.3 Index, Degeneracy, and Fermions
The first few terms in the Fourier expansion of F are given by
F (τ, z) =
(y − 1)2
y
− 2 (y − 1)
4
y2
q +
(y − 1)4(y2 − 8y + 1)
y3
q2 + · · · , (5.27)
In Table (1) we tabulate the coefficients C(∆) for the first few values of ∆.
Table 1: Some Fourier coefficients
∆ -1 0 3 4 7 8 11 12 15
C(∆) 1 −2 8 −12 39 −56 152 −208 513
It is striking that the sign of C(∆) is alternating. This implies from (5.26) that the degen-
eracies d(∆) are always positive. This is, in fact, true not only for the first leading coefficients
but for all Fourier coefficients, as can be seen from the equations (5.23)–(5.25). Mathemati-
cally, the alternating sign of the Fourier coefficients is a somewhat nontrivial property of the
specific Jacobi form (5.12) under consideration [109]. Physically, the positivity of d(∆) is even
more surprising. After all, these are indexed degeneracies corresponding to a spacetime helicity
supertrace for a complicated bound states of branes. There is no a priori microscopic reason
why these should be all positive.
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Holography gives a simple physical explanation of the positivity [73, 110]. The near-horizon
AdS2 geometry has an SU(1, 1) symmetry. If the black hole geometry leaves at least four super-
symmetries unbroken, then closure of the supersymmetry algebra requires that the near horizon
symmetry must contain the supergroup SU(1, 1|2). This implies that that such a supersym-
metric horizon must have SU(2) symmetry which can be identified with spatial rotations. If
J is a Cartan generator of this SU(2), then for a classical black hole with spherical symmetry,
this could mean (depending on the ensemble) that either J is zero or the chemical potential
conjugate to J is zero. As explained earlier, the AdS2 path integral naturally fixes the charges
and not the chemical potentials and hence J = 0. Together, this implies
Tr(1) = Tr(−1)J , (5.28)
that is, index equals degeneracy and must be positive. For a more detailed discussion see [35].
Note the the index equals degeneracy only for the horizon degrees of freedom, but usually
one does not compute the index of the horizon degrees of freedom directly. It is easier to
compute the index of the asymptotic states as a spacetime helicity supertrace which receives
contribution also from the degrees of freedom external to the horizon. It is crucial that the
contribution of these external modes is removed from the helicity supertrace before checking
the equality (5.28). Typically, modes localized outside the horizon come from fluctuations
of supergravity fields and can carry NS-NS charges such as the momentum but not D-brane
charges [69, 70]. In a given frame such as the A frame where all charges come from D-branes,
one expects that the Fourier coefficients of F (τ, z) will give the degeneracies of only the horizon
degrees of freedom.
For the Wilson line expectation value (3.14) the equality (5.28) implies that the functional
integral with periodic boundary conditions for the fermions must equal the functional integral
with antiperiodic boundary conditions. This is possible for the following reason. All fermionic
fields have nonzero J and couple to the Kaluza-Klein gauge field coming from the dimensional
reduction on the S2. As discussed above, the microcanonical boundary conditions for the
functional integral instructs us to integrate over all the fluctuations of the constant mode. By
a change of variables in the functional integral, one can change the origin of the constant mode
of the gauge field, and therefore the periodic and antiperiodic boundary conditions for the
fermionic fields are equivalent.
5.1.4 Rademacher Expansion
One can make very good estimates of Fourier coefficients of a modular form using an expansion
due to Hardy and Ramanujan. The leading term of this expansion gives the Cardy formula. A
generalization due to Rademacher [111] in fact gives an exact expansion for these coefficients
in terms of the coefficients of the polar terms i.e. terms with D < 0.
One can apply these methods to the Fourier coefficients of the vector valued modular form
{hl} (l = 0, . . . 2m− 1) of negative weight −w to obtain [112, 113] a Rademacher expansion for
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the coefficients Cℓ(D) (5.20)
Cℓ(D) = (2π)
2−w
∞∑
c=1
cw−2
∑
ℓ˜∈Z/2mZ
∑
D˜<0
Cℓ˜(D˜)K(D, ℓ, D˜, ℓ˜; c)
∣∣∣∣∣ D˜4m
∣∣∣∣∣
1−w
I˜1−w
[
π
c
√
|D˜|D
]
,
where
I˜ρ(z) =
1
2πi
∫ ǫ+i∞
ǫ−i∞
dσ
σρ+1
exp[σ +
z2
4σ
] (5.29)
is called the modified Bessel function of index ρ. This is related to the standard Bessel function
of the first kind Iρ(z) by
I˜ρ(z) =
(z
2
)−ρ
Iρ(z) . (5.30)
The sum over (ℓ˜, D˜) picks up a contribution Cℓ˜(D˜) from every non-zero term q
D˜ with D˜ < 0
in hℓ˜(τ) (5.20). The coefficients Kℓ(D, ℓ, D˜, ℓ˜; c) are generalized Kloosterman sums. For c > 1
it is defined as
K(D, ℓ; D˜, ℓ˜; c) := e−πiw/2
∑
−c≤d<0
(d,c)=1
e2πi
d
c
(D/4m) M(γc,d)
−1
ℓℓ˜
e2πi
a
c
(D˜/4m) , (5.31)
where
γc,d =
(
a (ad− 1)/c
c d
)
(5.32)
is an element of Sl(2,Z) andM(γ) is the matrix representation of γ on the vector space spanned
by the {hl}. Note that it follows from (5.32) that ad = 1mod c.
The Jacobi form F (τ, z) has weight −2 and index m = 1, so its theta expansion gives a
two-component vector {h0, h1} of modular forms of weight w = −5/2. Since there is only a
single polar term (ℓ˜ = 1, D˜ = −1), the Rademacher expansion takes the form:
C(D) = 2π
(π
2
)7/2 ∞∑
c=1
c−9/2Kc(D) I˜7/2
(π√D
c
)
, (5.33)
where the Kloosterman sum Kc(D) is defined by
Kc(D) := e
5πi/4
∑
−c≤d<0;
(d,c)=1
e2πi
d
c
(D/4) M(γc,d)
−1
ℓ1 e
2πia
c
(−1/4) (c > 1) (5.34)
with ℓ = Dmod 2 and ad = 1mod c.
Under the SL(2,Z) generators, the modular form hℓ(τ) transform as
h0(τ + 1) = h0(τ) , h0(−1/τ) = 1 + i
2
τ−5/2
(
h0(τ) + h1(τ)
)
; (5.35)
h1(τ + 1) = −i h1(τ) , h1(−1/τ) = 1 + i
2
τ−5/2
(
h0(τ)− h1(τ)
)
. (5.36)
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From these transformations, we can read off the matrices M(γ) for the generators S and T
T =
(
1 1
0 1
)
, S =
(
0 1
−1 0
)
(5.37)
to be
M(T ) =
(
1 0
0 −i
)
, M(S) =
eπi/4√
2
(
1 1
1 −1
)
. (5.38)
Using the expression for a general SL(2,Z) matrix γ in terms of the generators S and T , and
the representation (5.38), we can obtain the representation M(γ).
We see from (5.33) that the microscopic degeneracy is an infinite sum of the form
d(∆) =
∞∑
c=1
dc(∆) . (5.39)
where each term is given by
dc(∆) = (−1)∆+1 2π
( π
∆
)7/2
I 7
2
(π√∆
c
) 1
c9/2
Kc(∆) . (5.40)
It is easy to check that
K1 = (−1)∆+1 1√
2
. (5.41)
We will see that the Wilson line from the macroscopic side also naturally has the same expansion
W (∆) =
∞∑
c=1
Wc(∆) , (5.42)
coming from Zc orbifolds of AdS2. Our objective then is to compute each of these terms
exactly using localization. We compute the leading term W1(∆) in §5.4 and the subleading
terms corresponding to c > 1 in §5.4.4.
5.2 Localization of Functional Integral in Supergravity
Evaluating the formal functional integral (3.14) over string fields for W (q, p) is of course highly
nontrivial. To proceed further, we first integrate out the infinite tower of massive string modes
and massive Kaluza-Klein modes to obtain a local Wilsonian effective action for the massless
supergravity fields keeping all higher derivative terms. We can regard the ultraviolet finite
string theory as providing a supersymmetric and consistent cutoff at the string scale. Our task
is then reduced to evaluating a functional integral in supergravity. The near horizon geom-
etry preserves eight superconformal symmetries and the action, measure, operator insertion,
boundary conditions of the functional integral (3.14) are all supersymmetric12. The formal
12Supersymmetry of the Wilson line and the action is discussed in the appendix.
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supersymmetry of the functional integral makes it possible to apply localization techniques
[17, 12] to evaluate it.
To apply localization to our system, we drop two gravitini multiplets to obtain a N = 2
theory and also drop the hypermultiplets to consider a reduced theory. This is partially moti-
vated by the fact that the hypermultiplets are flat directions of the classical entropy function
and our black hole is not charged under the gauge fields that belong to the gravitini multiplets.
This theory contains a supergravity multiplet coupled to eight vector multiplets with a duality
group
SO(6, 2;Z)× SL(2,Z) . (5.43)
In the effective action for these fields we will further ignore the D-type terms. This is partially
justified by the fact that the black hole horizon is supersymmetric and a large class of D-terms
are known not to contribute to the Wald entropy as a consequence of this supersymmetry [105].
We will denote the functional integral (3.14) restricted to this reduced theory by Ŵ (q, p) which
is what we compute in the subsequent sections. We find that Ŵ (q, p) itself agrees perfectly
with (5.33) for d(q, p). This rather nontrivial agreement can be regarded as post-facto evidence
that the reduced theory correctly captures the relevant physics.
5.2.1 Functional Integral in N = 2 Off-shell Supergravity
The renormalized action Sren(φ) (4.80) has the same functional form as the classical entropy
function. In particular, its extrema φ = φ∗ correspond to the attractor values of the scalar
fields and its value at the extremum Sren(φ
∗) equals the Wald entropy for the local Lagrangian
described with a prepotential F . However, the physics behind the renormalized action is
completely different. Unlike the classical entropy function which is essentially a classical on-shell
object, the renormalized action is a quantum object obtained after a complicated holographic
renormalization procedure using an off-shell localizing field configuration (4.64). Even though
the scalar fields in the localizing solution asymptote to the attractor values at the boundary of
the AdS2, they have a nontrivial coordinate dependence in the bulk and they take the value
XI∗ + C
I at the center of AdS2. In particular, they are excited away from their attractor
values and are no longer at the minimum of Sren. Even though the scalar fields thus ‘climb
up the potential’ away from the minimum of the entropy function, the localizing solution
remains Q-supersymmetric (in the Euclidean theory) because the auxiliary fields Y Iij get excited
appropriately to satisfy the Killing spinor equations. This is what enables us to integrate over
φ for values in field space far away from the on-shell values.
The infinite dimensional functional integral (3.14) for the Wilson line in the reduced theory
can thus be written as a finite integral (4.83)
Ŵ (q, p) =
∫
MQ
e−πφ
IqI eF(φ,p) |Zinst|2 Zdet [dφ]µ (5.44)
The measure of integration [dφ]µ is computable from the original measure µ of the functional
integral of massless fields of string theory by standard collective coordinate methods. The fac-
tor Zdet is the one-loop determinant of the quadratic fluctuation operator around the localizing
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instanton solution. Such one-loop determinant factors in closely related problems have been
computed in [11, 99]. We have included |Zinst|2 to include possible contributions from brane
instantons which is partially captured by the topological string for a class of branes.
Note that the exponential of the integrand is in the spirit of the conjecture by Ooguri, Stro-
minger, and Vafa [18]. Our treatment differs from [18] in that the natural ensemble in our
analysis is the microcanonical one. Moreover, we will be able determine the measure factor
from first principles and the determine the subleading orbifolded localizing instantons that
contribute to the functional integral. For earlier related work see [114, 44].
To compute Ŵ (q, p), it is necessary to evaluate all these factors explicitly, as well as to
perform the finite dimensional integral over φ. This is what we will do for our system in §5.4.
For the N = 2 reduction of the N = 8 theory that we consider, nv = 7 and the prepotential is
given by
F (X) = −1
2
X1CabX
aXb
X0
, a, b = 2, . . . , 7 . (5.45)
where Cab is the intersection matrix of the six 2-cycles of T
4. In our normalization, it is given
by
Cab =
(
0 1
1 0
)
⊗ 13×3 (5.46)
where 13×3 is a 3 × 3 identity matrix. This prepotential describes the classical two-derivative
supergravity action. Note that this does not depend the field Aˆ because there are no higher-
derivative quantum corrections to the prepotential.
5.3 Integration measure
The measure [dφ]µ is inherited from the standard measure on field space in the original functional
integral. The collective coordinates {φI} of the localizing instanton solutions correspond to the
values of the scalar fields {XI} at the center of the AdS2. The functional integration measure
for the scalar fields is a pointwise product of integration measure over the scalar manifold. The
metric and hence the measure on the scalar manifold can be read off from the kinetic term of
the scalar fields [87, 90]. The scalar kinetic action is
8πL =
√
|g|gµν
[
i(∂µFI + iAµFI)(∂µXI − iAµXI) + h.c.
]
, (5.47)
where Aµ is the gauge field for the U(1) gauge symmetry of the off-shell supergravity theory.
This field does not have a kinetic term and it is therefore determined by its equation of motion
to be
A∗µ =
1
2
F I~∂µX
I −XI~∂µFI
−i(F IXI − FIXI)
. (5.48)
The Lagrangian 8πL∗ computed by substituting A∗µ in (5.47) becomes
−
√
|g|gµν
[
NIJ∂µX
I∂νX
J − e
−K
4
(KI∂µX
I −KI∂µXI)(KI∂νXI −KI∂νXI)
]
, (5.49)
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with
NIJ := −i(FIJ − F IJ) = 2 Im(FIJ) , (5.50)
e−K := −i(XIF I −XIFI) , (5.51)
KI :=
∂K
∂XI
= ieK
(
F I − FIJXJ
)
. (5.52)
The metric gµν is not the physical metric of Poincare´ supergravity because it does not come
with the canonical kinetic term. It is related to the dilatation-invariant physical metric G as
Gµν = e
−Kgµν , (5.53)
whose kinetic term is given by the standard Einstein-Hilbert action. We have√
|g|gµν = eK
√
|G|Gµν . (5.54)
It is natural to define the scalar functional integral measure using the physical metric Gµν .
The measure can be determined by the metric induced by the inner product in field space:
(δX, δX) =
∫
d4x
√
|G| δX δX . (5.55)
Substituting XI = (φI+ ipI)/2 in (5.49), and using (5.53), (5.54), we obtain the induced metric
on the localizing submanifold in the field space
dΣ2 = MIJ δφ
IδφJ , (5.56)
with
MIJ = e
K
[
NIJ − e
K
4
(KI −KI)(KJ −KJ)
]
. (5.57)
It is possible to write the metric on the localizing manifold entirely in terms of the Ka¨hler
potential13 K (5.51). It is easy to check that
NIJ =
∂2e−K
∂XIX
J
= e−K
(
∂2K
∂XI∂X
J
− ∂K
∂XI
∂K
∂X
J
)
. (5.58)
Defining the metric KIJ in terms of the Ka¨hler potential in the usual way
KIJ :=
∂2K
∂XI∂X
J
, (5.59)
and using (5.58), we can write the Lagrangian (5.49) entirely in terms of the Ka¨hler potential:
8πL = −
√
|g|gµνe−K
[
KIJ∂µX
I∂νX
J − 1
4
∂µK∂νK
]
. (5.60)
13Upon gauge-fixing, on the space of projective coordinates KIJ becomes the Ka¨hler metric. We will refer to
K as the Ka¨hler potential even though we do not fix any gauge here.
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Substituting XI = (φI + ipI)/2 in (5.60), we can rewrite the moduli space metric (5.56) as
MIJ = KIJ − 1
4
∂K
∂φI
∂K
∂φJ
. (5.61)
Since the metric KIJ given in terms of the Ka¨hler potential (5.59), this expresses the moduli
space metric MIJ entirely in terms of the Ka¨hler potential. The measure on the localizing
manifold is simply the measure induced by this metric and is given by
nv∏
I=0
dφI
√
det(M) . (5.62)
5.4 Macroscopic Quantum Partition Function
The two-derivative action of N = 8 is invariant under the continuous duality group E7,7(R). We
therefore expect to be able to write the macroscopic answer in terms of ∆ which is the unique
quartic invariant of E7,7(R). For this purpose, we will first write the renormalized action in
new variables so that it depends only on the invariant ∆ and then work out the measure in the
same variables to obtain a manifestly duality invariant expression for the Wilson line.
5.4.1 Renormalized action and duality invariant variables
As discussed in §5.1.1 the electric and magnetic charge vectors Q and P respectively are related
to the charges in the Type-IIA frame (5.8) by
Q = (q0,−p1; qa) P = (q1, p0; pa) . (5.63)
The inner product is defined for example by
P · P = 2 q1p0 + paCab pb , (5.64)
The charge configuration (5.10) has only five nonzero charges q0 = n, q1 = l, p
1 = −w, and p2,
p3. Hence, the three T-dualiy invariants all have nonzero values given by
Q2 = 2nw , P 2 = 2 p2p3 , Q · P = w l . (5.65)
The natural variables to start with are the projective coordinates
S := X1/X0 , T a := Xa/X0 a = 2, . . . , nv , (5.66)
with real and imaginary parts defined by
S := a+ is , T a := ta + ira . (5.67)
For our localizing instanton solutions we obtain
a = φ1/φ0 , s = −w/φ0 (5.68)
ta = φa/φ0 , ra = pa/φ0 . (5.69)
– 67 –
The renormalized action (4.78) for this charge configuration and prepotential (5.45) is
Sren = − π
2φ0
[−w(φ2 − P 2) + 2φ1(φ · P )]− πnφ0 − πlφ1 , (5.70)
where φ2 = φaCab φ
b and φ · P = φaCab P b. Using the parametrization (5.66) and (5.67) and
the T-duality invariants (5.65) it can be written as
Sren =
π
2
[
P 2s+
Q2
s
+
2Q · P a
s
]
− πw
2 t2
2s
+
πaw t · P
s
. (5.71)
Our next goal will be to define integration variables to write the action entirely in terms
of the U-duality invariant ∆. Since the action is quadratic in the ta variables, it is useful to
complete the squares by defining
τa =
w√
s
(
ta − a p
a
w
)
(5.72)
so that
Sren =
π
2
[
P 2s+
Q2
s
+
P 2 a2
s
+
2Q · P a
s
]
− π τ
2
2
. (5.73)
Note that the parenthesis is a manifestly S-duality invariant combination which is quadratic in
the axion variable a. So we complete the square again by defining
σ =
πP 2s
2
, α =
1√
σ
(
P 2a+Q · P ) (5.74)
The renormalized action then becomes
Sren =
(
σ +
z2
4σ
)
− π τ
2
2
+
π α2
2
. (5.75)
with
z2 = π2(Q2P 2 − (Q.P )2) = π2∆ . (5.76)
The variables (σ, α, τa) can be regarded as the duality invariant variables. We now turn to the
integration measure.
5.4.2 Conformal compensator, Gauge-fixing, and Analytic Continuation
The constants CI which characterize the localizing instanton solution (4.64) are all real. Hence,
the contour of integration for the variables s and t would appear to be along the real axis. The
quadratic terms in t in the action (5.73) would lead to divergent Gaussian integrals. We will
see below that this is nothing but the divergence of Euclidean quantum gravity arising from
the integration over the conformal factor that has a wrong sign kinetic term.
We recall that the scalar kinetic term (5.60) can be written as
−√−ggµν
[
e−KKIJ∂µX
I∂νX
J − 1
4
e−K∂µK∂νK
]
. (5.77)
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The kinetic term for the spacetime metric gµν is of the form
14
−1
6
√−ge−KRg , (5.78)
We can thus identify e−K/2 as a conformal compensator Ω which is often used to extend the gauge
principle to include scale invariance in addition to diffeomorphism invariance. The Einstein-
Hilbert action is then replaced by
√−g
[
−1
6
Ω2Rg − gµν ∂µΩ ∂νΩ
]
, (5.79)
which is now invariant under both diffeomorphisms and Weyl rescalings. As can be seen from
(5.77), the kinetic term for Ω has a wrong sign compared to a physical scalar, as is usual for the
conformal compensator field. In D-gauge [87] Ω is gauge-fixed to a constant and one recovers
the Einstein-Hilbert action. Our localizing solution is however in a different gauge in which
the volume of AdS2 in the metric g is gauge- fixed and hence Ω is effectively a fluctuating
field. This also explains why we have nv + 1 scalar moduli {φI} even though there are only nv
physical scalars. Essentially, our choice of gauge enables us to borrow the conformal factor Ω
as an additional scalar degree of freedom. The advantage is that the symplectic symmetry acts
linearly on the fields {φI}.
Since the kinetic term for conformal compensator Ω has a wrong sign, to make the Euclidean
functional integral well defined, it is necessary to analytically continue the contour of integration
in field space [115]. For our prepotential (5.45), the Ka¨hler potential is given by
exp[−K] = 4 |X0|2 Im(S)Cab Im(T a) Im(T b) . (5.80)
For S and T a fixed, we see that Ω is proportional to X0 up to a phase that can gauge-fixed by
using the additional U(1) gauge symmetry. Thus, the analytic continuation in the Ω space can
be achieved by analytically continuing in the X0 space. For the localizing solution, X0 = φ0.
Thus, analytic continuation in Ω space can be achieved by analytically continuing in the φ0
space. Correspondingly, we take the contour of integration of φ0 or equivalently of σ along the
imaginary axis rather than along the real axis15.
A familar example of such an analytic continuation is the functional integral for the world-
sheet metric in first-quantized string theory. The conformal factor of the metric is the Liouville
mode which can be thought of as a conformal compensator. Critical bosonic string with c = 26
can be regarded as a noncritical string theory with c = 25 coupled to this Liouville mode. The
Liouville mode plays the role of time coordinate in target space [117] and has a wrong-sign
kinetic term on the worldsheet. The corresponding functional integral then has to be defined
by a similar analytic continuation [118].
14We suppress an overall factor of 1/8pi that is irrelevant for the discussion here but is important for the
normalization of the renormalized action in §5.4.
15In general there can subtleties in such analytic continuation, see for example [116]. These will not be
important in the present context.
– 69 –
5.4.3 Evaluation of the Localized Integral
The localizing action QV with abelian gauge fields is purely quadratic. Hence, the quadratic
fluctuation operator around the localizing instantons does not depend on the collective coor-
dinates {CI}. As a result, Zdet is independent of {φI} and charges can be absorbed in the
overall normalization constant. Another simplification for the N = 8 theory is that |Zinst|2 = 1
because the classical prepotential (5.45) that we have used is quantum exact.
Thus, all that remains is to compute the determinant of the matrix MIJ introduced in
(5.57). Since there are no terms that depend on Aˆ for our prepotential, it is homogenous of
degree 2 in the variables X . As a result, FIJX
J = FI , and it follows from (5.52) that
KI = e
KNIJX
J
, KI = e
KNIJX
J . (5.81)
This allows us to write (5.57) as
MIJ = e
K
(
NIJ +
1
4
eKNIK p
KNJL p
L
)
. (5.82)
We have
det(M) = exp
[
(nv + 1)
2
K
]
det(N) det(1 + Λ) , (5.83)
where the matrix Λ is defined by
ΛIJ =
1
4
eK pINJL p
L . (5.84)
Some elements of this measure such as the matrix NIJ were anticipated in the work of [102, 103,
119] based on considerations of sympletic invariance. Our derivation follows from the analysis
of the induced metric on the localizing manifold and has additional terms depending on KI and
exp(K) which are also sympletic invariant. Unlike in the N = 4 theory, in the N = 8 theory the
higher-derivative corrections are zero, and do not provide a useful guide for the determination
of nonholomorphic terms of the measure such as the powers of exp(K).
It is easy to see that for our system Tr(Λn) = λn where λ is a numerical constant indepen-
dent of charges. As a result,
det(1 + Λ) = exp(Tr log(1 + Λ)) = exp(log(1 + λ)) (5.85)
is a field-independent and charge-independent numerical constant. In what follows, we will
ignore all such numerical constants in the evaluation of the measure and determine the overall
normalization of the functional integral in the end.
Hence, up to a constant, det(M) is determined by det(N) and exp(K). For our prepotential,
evaluating on the localizing instanton solution we obtain
exp[−K] = 4P 2s = 8σ/π (5.86)
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which is manifestly duality invariant. Similarly,
det(N) =
snv−3 det(Cab)
4|X0|4 e
−2K = snv+3
(P 2
w2
)2
(5.87)
as can be checked using Mathematica. In terms of the duality invariant variables defined earlier,
we see that the measure is given by
nv∏
I=0
dφa
√
det(N) =
1√
σ
dσ dα
nv∏
2
dτa (5.88)
up to an overall constant that is independent of charges and fields. The total measure is thus
given by
nv∏
I=0
dφI
√
det (M) =
dσ
σρ+1
dα
nv∏
2
dτa (5.89)
with ρ = nv/2. Our total integral is hence manifestly duality invariant.
Performing the Gaussian integrals over α and τa we obtain∫
dσ
σρ+1
exp
(
σ +
z2
4σ
)
(5.90)
which gives exactly the integral representation of the Bessel function I˜7/2(z) for nv = 7. The
overall numerical normalization needs to be fixed by hand but once it is fixed for one value of
∆, one obtains a nontrivial a function for all other values of ∆ given by
W1(∆) =
√
2 π
( π
∆
)7/2
I7/2(π
√
∆) . (5.91)
This macroscopic calculation thus precisely reproduces the first term with c = 1 in (5.42) and
matches beautifully with the first term in (5.39) from the Rademacher expansion (5.33) for of
the microscopic degeneracy d(∆).
For large z, the Bessel function has an expansion
Iρ(z) ∼ e
z
√
2πz
[
1− (µ− 1)
8z
+
(µ− 1)(µ− 32)
2!(8z)3
− (µ− 1)(µ− 3
2)(µ− 52)
3!(8z)5
+ . . .
]
, (5.92)
with µ = 4ρ2. The exponential term exp(π
√
∆) gives the Cardy formula and π
√
∆ can be
identified with the Wald entropy of the black hole. Higher terms in the series give power-
law suppressed finite size corrections to the Wald entropy. This is however not a convergent
expansion but only an asymptotic expansion. This means that for any given z only the first few
terms of order some power of z are useful for making an accurate estimate. Beyond a certain
number of terms, including more terms actually makes the estimate worse rather than improve
it. For larger and larger z one can include more or more terms and one obtains better and
better approximation but it is never convergent.
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It should be emphasized that our computation of W1(∆) gives an exact integral representa-
tion (5.90) of the Bessel function I7/2(z) and not merely the asymptotic expansion (5.92). This
is made possible because localization gives an exact evaluation of the functional integrals and
allows one to access large regions in the field space far away from the classical saddle point of
the entropy function used to derive the Cardy formula.
It is instructive to compare the integers d(∆) with the W1(∆) and the exponential of the
Wald entropy (2) we tabulate these coefficients for the first few values of ∆.
Table 2: Comparison of the microscopic degeneracy d(∆) with the functional integral W1(∆) and the
exponential of the Wald entropy. The last three rows in the table equal each other asymptotically.
∆ -1 0 3 4 7 8 11 12 15
d(∆) 1 2 8 12 39 56 152 208 513
W1(∆) 1.040 1.855 7.972 12.201 38.986 55.721 152.041 208.455 512.958
exp(π
√
∆) - 1 230.765 535.492 4071.93 7228.35 33506 53252 192401
Note that the area of the horizon goes as 4π
√
∆ in Planck units. Already for ∆ = 12
this area would be much larger than one, and one might expect that the Bekenstein-Hawking-
Wald entropy would be a good approximation to the logarithm of the quantum degeneracy.
However, we see from the table that these two differ quite substantially. Indeed, in this example,
since there are no higher-derivative local terms, Wald entropy equals the Bekenstein-Hawking
entropy. The discrepancy thus arises entirely from the quantum contributions from integrating
over massless fields. Localization enables an exact evaluation of these quantum effects. The
resulting W1(∆) is in spectacular agreement with d(∆) and in fact comes very close to the
actual integer even for small values of ∆.
We see from the asymptotic expansion (5.92) that the subleading logarithmic correction
to the Bekenstein-Hawking entropy goes as −2 log(∆). This in agreement with the results in
[75, 77, 76] where the logarithmic correction was computed by evaluating one-loop determinants
of various massless fields around the classical background. Using localization, this logarithmic
correction follows essentially from the analysis of the induced measure on the localizing mani-
fold without the need for any laborious evaluation of one-loop determinants. Moreover, since
localization accesses regions in field space very off-shell from the classical background the entire
series of power-law suppressed terms in (5.92) follow with equal ease.
5.4.4 Nonperturbative Corrections, Orbifolds, and Localization
We have seen that localization correctly reproduces the first term in the Rademacher expansion.
This term already captures all power-law and logarithmic corrections to the leading Bekenstein-
Hawking-Wald entropy exactly to all orders. We turn next to the computation of the higher
terms in the Rademacher expansion (5.33) with c > 1. These terms are nonperturbative because
they are exponentially suppressed with respect to the terms in (5.92).
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It was proposed in [54, 73, 120, 12] that such non-perturbative corrections could arise
from Zc orbifolds for all positive integers c because such orbifolds respect the same boundary
conditions (3.4) on the fields. In general, it is difficult to justify keeping such subleading
exponentials if the power-law suppressed terms are evaluated only in an asymptotic expansion.
However, localization gives an exact integral representation of the leading Bessel function in
§5.4.3. The power-law suppressed contributions are computed exactly, and it is justified to
systematically take into account the exponentially suppressed contributions.
The Zc orbifold configurations that contribute to the localization integral are obtained as
follows. We mod out with a symmetry RcTc which combines a supersymmetric order c twist
Rc on AdS2 × S2 with an order c shift Tc along the T 6. The orbifold twist is required to be
supersymmetric because to preserve the Q supercharge used for localization, the orbifold action
must commute with L − J [12]. At the center of AdS2 and at the poles of S2 the twist looks
like a generator of the supersymmetric C2/Zc orbifold. With an appropriate shift, this action
is freely acting and can be used to get smooth solutions [120].
To illustrate how this works together with localization let us first discuss the case when
Tc(δ) is a simple shift of 2πδ/c along the circle S
1. It acts on the momentum modes by
Tc(δ) |m〉 = e 2πiδmc |m〉 . (5.93)
Let φ be the azimuthal angle along the S2 and y be the coordinate of the circle S1 with 2π
periodicities. We will denote the orbifolded coordinates with a tilde. The orbifold operaton
RcTc identifies points in AdS2 × S2 × S1 with the identification
(θ˜, φ˜ , y˜) ≡ (θ˜ + 2π
c
, φ˜− 2π
c
, y˜ +
2πδ
c
) (5.94)
The combined action RcTc(δ) means that as we go around the boundary of AdS2 the momentum
modes pick up a phase as in (5.93). This corresponds to turning on a Wilson line of the Kaluza-
Klein gauge field A that couples to the momentum n by modifying the gauge field as
A = −ie∗(r˜ − 1)dθ˜ + δ dθ˜ (5.95)
The metric on the orbifolded AdS2 factor has the same form
ds2 = v∗
[
(r˜2 − 1)dθ˜2 + dr˜
2
(r˜2 − 1)
]
1 ≤ r˜ < r˜0; 0 ≤ θ˜ < 2π
c
(5.96)
as the original unorbifolded metric (4.10) but the θ˜ variable now has a different periodicity and
we have cutoff at r˜ = r˜0. Thus, it is not immediately obvious that asymptotic conditions on
the fields are the same as for the unorbifolded theory. To see this, we change coordinates
θ˜ =
θ
c
, φ˜ = φ− θ
c
, y˜ = y +
θ
c
, r˜ = cr, (5.97)
so that in the new coordinates, the fields have the same asymptotics (3.4) as before:
ds22 ∼ v∗
[
r2dθ2 +
dr2
r2
]
, A ∼ −ie∗rdθ . (5.98)
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Moreover, the new coordinates have the same identification
(θ, φ, y) ≡ (θ + 2π, φ, y) ≡ (θ, φ+ 2π, y) ≡ (θ, φ, y + 2π) (5.99)
as in the unorbifolded theory. Such orbifolded field configurations with the same asymptotic
behavior will therefore contibute to the functional integral.
The orbifold action is freely acting if δ and c are relatively prime. Therefore, the localizing
equations, which are local differential equations, remain the same as before and one obtains the
same localizing instantons (4.64) as before. To compute the renormalized action it is convenient
to use the tilde coordinates. If we put a cutoff at r0, the range of r is 1/c ≤ r ≤ r0 and that
of r˜ is 1 ≤ r˜ ≤ cr0 . The physical action is an integral of the same local Lagrangian density
as the unorbifolded theory but now the ranges of integration are different. Since the localizing
instantons do not depend on the angular coordinates, the nontrivial integration is over the
coordinate r˜. The r0 dependent contribution from this integral is therefore c times larger than
before but the r0 independent constant piece is the same as before. On the other hand, from
the angular integrations one gets an overall factor of 1/c because the range of these coordinates
is divided by c by the identification (5.94). Altogether, the renormalized action obtained by
removing the r0 dependent divergence is smaller by a factor of c. Moreover, with the modified
gauge field (5.95) the Wilson line contributes an additional phase. In summary, instead of
(3.13) we obtain
exp
[Sren(φ)
c
+
2πi nδ
c
]
, (5.100)
where Sren is the unorbifolded renormalized action for the localizing instantons given by (5.70).
Since the phase above does not depend on φ we can integrate over φ as before and then
sum over all phases. Thus Wc factorizes as
Wc(∆) = Ac(∆)Bc(∆) (5.101)
where Ac comes from integration over φ and Bc comes from the sum over phases. Since the
renormalized action is now smaller by a factor of c, it is easy to see that the integral Ac gives
precisely the modified Bessel function but with an argument zc = z/c with possible powers of
c coming from the measure which we absorb for now in Bc(∆). The final answer thus has the
form
Wc(∆) =
√
2π
( π
∆
)7/2
I 7
2
(π√∆
c
)
Bc(∆) . (5.102)
This is very close to the c-th term in the Rademacher expansion. To obtain agreement we would
need to show
Bc(∆) = c
−9/2Kc(∆) . (5.103)
We see from (5.34) that the Kloosterman sum is also a rather intricate sum over various c
and ∆ dependent phases. This suggests that by summing over the phases for various allowed
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orbifolds and properly fixing their relative normalization with respect to the c = 1 term, it
may be possible to compute Bc(∆) to reproduce the desired expression (5.103) in terms of the
Kloosterman sum [121].
6. Macroscopic index and AdS3/CFT2 correspondence
In this section we use an intermediate approach based on AdS3 rather than AdS2 to compute
finite charge corrections to the black hole entropy. The computation is exact in the limit when
only one of the charges is taken to be very large keeping the other charges finite. The answer is
particularly sensitive to the details of the phase we are working on and therefore we can learn
about microscopic details of the theory. In the process we find easier to construct a macroscopic
index which captures all the degrees of freedom from horizon till asymptotic infinity. In the
limit considered it matches precisely with a microscopic computation. We state our main result
as: in the limit when only one of the charges is taken to be very large, the asymptotic growth of
the macroscopic index which has the form of a Cardy formula is controlled by an effective central
charge which is related to the coefficients of the Chern-Simons terms computed at asymptotic
infinity.
In section §3, we explained that the index computed at asymptotic infinity captures not
only the horizon degrees of freedom but also any exterior contribution that sits between AdS2
and the asymptotic infinity. The total index is a combination of an index for the horizon and
other for the hair degrees of freedom. A construction of such an index from the gravity side is
the subject of this section.
The idea is to construct the index starting from the horizon and going gradually to asymp-
totic infinity. As explained in the previous sections, to count the horizon degrees of freedom, we
should perform a path integral over the string fields in AdS2 with specific boundary conditions.
In general this is a very difficult problem even though we showed in the previous sections that
localization allows to go very far. By including the contribution from the hair modes we will
find easier to compute the index instead of the degeneracy.
For extremal black holes with a AdS2×S1 factor in the near horizon geometry, we can use
the power of AdS3 to study subleading corrections to the Beckenstein-Hawking entropy [35].
The near horizon geometry AdS2 × S1 has isometry group SL(2,R) × U(1) while AdS3
has SO(2, 2) = SL(2,R)L × SL(2,R)R. Once we make the radius of S1 larger and larger we
can restore the SO(2, 2) isometry and view the solution as a BTZ black hole living in AdS3.
Using the AdS3/CFT2 correspondence we compute the entropy using a Cardy formula. The
central charges of the dual CFT2 can be computed exactly by knowing the coefficients of the
Chern-Simons terms on AdS3 [38].
This section is organized as follows. In section §6.1 we explain the criteria for which the
index equals degeneracy in the large charge limit and how we can use the power of AdS3 to
compute the quantum corrected entropy. In §6.2 we consider a puzzle of M5-branes on K3×T 2
and its relation to four dimensional black holes. In §6.3 we consider the contribution of exterior
modes to the asymptotics of the macroscopic index. In §6.5 we derive the asymptotic behaviour
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of the index from microscopics. We end presenting various results for five dimensional black
holes.
6.1 From AdS2 to AdS3
To determine B6 by computing first Bhor and then Bhair as defined in formula (3.19) is a very
difficult task. First it requires evaluating a string path integral on AdS2 and second it requires
determining the hair modes which is not an easy task [69, 70]. For these reasons we shall
give an alternative approach based on AdS3 rather than on AdS2. The main advantage, as
we will see, resides on the fact that it is possible to determine exactly the central charges by
just knowing the Chern-Simons terms in the bulk of AdS3. Further we will see that the hair
analyses simplifies once we combine them with the bulk contribution.
Consider a black hole whose near horizon geometry contains a factor AdS2×S1 with metric
ds2 = v
(
−r2dt2 + dr
2
r2
)
+
(
dy − r
R
dt
)2
(6.1)
The coordinate y corresponds to the circle and R is its radius. The fiber r/Rdt corresponds,
from the two dimensional point of view, to a charged electric gauge field. In particular if
v = 1/R2 the space is locally AdS3.
The space AdS2 × S1 has isometry group SL(2,R) × U(1). The first factor correponds
to AdS2 isometries while the U(1) corresponds to translations along the circle. It differs from
global AdS3 due to a translation identification of 2π along the non-compact y direction. If we
make the radius R very large we can restore the SL(2,R)L × SL(2,R)R of AdS3. At the same
time we take the asymptotic value of R to be very large keeping all the other moduli fixed to
ensure that the space develops an intermediate AdS3 factor. Now we can regard the black hole
solution as an extremal BTZ black hole living in this intermediate AdS3 space time [122, 123].
For an extremal BTZ black hole, in the limit of very large spin J , we can use a Cardy formula
to compute the entropy [124, 38, 125],
d(n≫ 1) ≈ e2π
√
ncL/6 (6.2)
From the AdS2 point of view, the spin J is identified with the momentum n along the circle S
1
which justifies the limit n→∞, that is the Cardy limit.
Since we expect the Cardy formula to hold in the full quantum theory we should take
this as the quantum generalization of the black hole entropy. The problem is reduced to the
computation of the central charges. Since we don’t know the details of the dual CFT2, we
should be able to compute them from the bulk theory after including quantum corrections.
There are however some subtleties in this approach. The Cardy formula should count the
total degeneracy without caring if it is a single or multi center solution in AdS3. It should
include not just the horizon degrees of freedom but also any possible contribution of additional
modes exterior to AdS2 but living inside AdS3. This should not be a problem because at the end
we want to compare the bulk answer with a microscopic index which already includes all those
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contributions. Moreover we neglect the possibility of multiple AdS3 throat [122] by working in
an appropriate domain in the moduli space.
One additional problem we face is related to the fact that the CFT2 does not capture all the
degrees of freedom of the black hole. There could be additional modes living on the boundary,
like in the case of the U(1) factor in AdS5 [126], or between AdS3 and asymptotic infinity. We
shall call them exterior modes.
Since we take the asymptotic value of the radius to infinity while keeping its attractor value
large but fixed the physical momentum, measured at infinity, vanishes. This restores the 1 + 1
Lorentz symmetry of part of the solution lying between AdS3 and asymptotic infinity. Therefore
we expect the dynamics of the exterior modes to be described by a two dimensional field theory.
In addition we have to combine this contribution with the Cardy formula to recover the total
index.
We repeat the computation (3.19) but now rewriting the index in terms of the bulk AdS3
and exterior degrees of freedom,
B6 = − 1
6!
Tr(−1)2hbulk+2hexterior(2hbulk + 2hexterior)6 (6.3)
= − 1
6!
Tr(−1)2hbulkTr(−1)2hexterior(2hexterior)6 (6.4)
=
∑
q+q˜=Q
Bbulk(q)B6 exterior(q˜) (6.5)
where we defined Bbulk = Tr(−1)2hbulk and B6 exterior = − 16!Tr(−1)2hexterior(2hexterior)6. We have
assumed that the black hole when regarded as a solution in AdS3 doesn’t break any further
supersymmetry. Under this assumption the fermionic zero modes are all part of the exterior
modes which implies that only the term (2hexterior)
6 will survive in the binomial expansion of
(2hbulk + 2hexterior)
6.
We should note that in the BTZ near horizon geometry AdS2 × S1 the time circle is
contractible in the full AdS3 geometry while the S
1 circle is not. On the boundary theory
we should compute a partition function with anti periodic conditions along the thermal circle
and periodic along S1. In other words, the holographic correspodence instructs us to compute
Tr(1) with Ramond-Ramond boundary conditions instead of Tr(−1)F as presupposed by Bbulk.
Instead we will try to argue that the asymptotics of left moving excitations are not changed
after the insertion of (−1)F in the trace. That is, for large momentum n Bbulk is still given by
a Cardy formula
Bbulk ≈ eπ
√
n cL/6 (6.6)
where cL is the central charge of the left-Virasoro algebra of the CFT2.
We find useful to construct the partition function
Bˆ6(~q, τ) =
∑
n
B6(~q, n)e
2πinτ (6.7)
= Bˆbulk(~q, τ)Bˆexterior(τ) (6.8)
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where ~q stands for a generic charge vector and n is the momentum along the circle S1. We are
assuming that the exterior modes don’t carry any other charge rather than momentum n.
The Cardy formula gives the asymptotic behavior of the degeneracy d = Tr(1) for large n.
The derivation is based on the fact that under a modular transformation we can relate small
with large τ behavior. The partition function can then be related to its ground state energy
via the formula
dˆ(τ) ≈ eπicL12τ (6.9)
with −cL/24 the ground state energy of the left-moving sector. Now instead of computing dˆ(τ)
we should compute Bˆbulk(τ) which requires an insertion (−1)2hbulk in the trace. Generically
for a black hole that preserves at least four supercharges the isommetries of AdS3 together
with supersymmetries give rise to a (0, 4) superconformal algebra in the boundary theory. This
includes an SU(2) R-symmetry current whose global part can be identified with the rotation
symmetry group SU(2) of the black hole. Namely, hbulk is identified with the zero mode of
the U(1) in the SU(2) R-current algebra in the SCFT2. Since the twist (−1)2hbulk by the zero
mode of the right-moving current is not expected to change the ground state energy of the
left-moving sector, we conclude that, for small τ , Bˆ(τ) still has the same behavior as dˆ(τ), that
is,
Bˆ(τ) ≈ eπicL12τ , |τ | ≪ 1 (6.10)
The analysis for Bˆexterior is a bit different. We will try to argue in the next section that the
asymptotic growth of the index Bˆ6 exterior is still given by a Cardy formula, but in this case is
not possible to identify cL with the central charge of a dual conformal field theory. We will be
able to show that, under certain assumptions, Bˆexterior(τ) has a behavior given by (6.10)
Bˆexterior ≈ e
πic
eff
L
12τ , |τ | ≪ 1 (6.11)
with ceffL a constant that effectively controls the asymptotic growth. This should not confused
with the physical central charge.
A simple calculation shows that, in the large n limit, the growth of the total index is given
by a Cardy like formula
B6 =
∮
Bˆbulk(τ)Bˆexterior(τ)e
−2πinτ (6.12)
≈ e2π
√
nctotal
L
/6, (6.13)
with ctotalL = cL + c
eff
L .
In [38] the authors show, using general properties of AdS/CFT correspondence, that the
left and right central charges cL and cR of the CFT2 can be computed from the bulk lagrangian
via the coefficients of the Chern-Simons terms.
The gravitational Chern-Simons term constructed out of the gravivational SO(2, 1) Γ con-
nection
Ω3(Γ) = Γ ∧ dΓ + 2
3
Γ ∧ Γ ∧ Γ (6.14)
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induces a diffeomorphism anomaly which translates in the non-conservation of the boundary
stress tensor. Holography relates the coefficient of Ω3 to cL− cR, that is, the difference between
the left and right-Virasoro central charges. In addition there can be gauge Chern-Simons terms
of the form
Ω3(A) = A ∧ dA+ 2
3
A ∧ A ∧ A (6.15)
where A is a non-abelian gauge field. Similarly, the lack of gauge invariance induces a non-
conserved current in the boundary theory. In the case of the SU(2)L × SU(2)R R-symmetry,
the coefficient of the Chern-Simons of each of the SU(2) factors is related to the R-current
anomalies kL and kR respectively. These results are exact in the sense that they include already
all the higher derivative corrections.
A “classical” approach to this problem consists in computing the central charges as a per-
turbative expansion in inverse powers of l2, the size of AdS3. This is called c-extremization [38]
and requires, as the name suggests, extremizing the bulk action with respect to the parameter
l.
Consider the example of string theory on AdS3 × Sp. We take the metric to be
ds2 = l2
(
dη2 + sinh2 ηdΩ22
)
+ l2SpdΩ
2
p. (6.16)
The values of l and lSp can be obtained by demanding the lagrangian computed on the back-
ground constant solution to be stationary under variation of the those parameters as implied
by the equations of motion. In general the lagrangian Lp+3 is a very complicated function of
the size l and the charges. Its dependence will come for example from non trivial fluxes on
Sp or higher derivative corrections. Due to the topological nature of the Chern-Simons terms
these will not be relevant for c-extremization.
Now, put the CFT2 in the boundary sphere S
2 which has metric
ds2 = e2wdΩ22. (6.17)
and consider a small variation δw in the free energy F defined via the partition function
Z = e−F ,
δF =
1
4π
∫
d2x
√
gT ijδgij =
δw
2π
∫
d2x
√
gT ijgij =
δw
2π
∫
d2x
√
gT ii (6.18)
Using the trace anomaly equation
T ii = −
c
12
R (6.19)
with c the central charge and R the Ricci scalar, we find
δF
δw
= − c
3
R. (6.20)
To compute F from the bulk lagrangian we take the vacuum background AdS3 with some
possible fluxes on Sp corresponding to the charges. The lagrangian becomes a constant scalar
that depends on lSp, l and the other charges
F = VS2VSpLp+3
∫
dη sinh2 η + Sbndy (6.21)
The counter-term Sbndy is introduced to remove the infrared divergence associated with the
infinite volume of AdS3. This is all analogous to the discussion of the AdS2 path integral in
the context of the quantum entropy function. For a large cutoff ηmax, equation (6.21) becomes
F = VS2VSpLp+3(−1
2
ηmax +
1
2
e2ηmax) + Sbndy (6.22)
The counter term Sbndy goes as e
2ηmax . From here we also conclude that ω = ηmax. If we
choose an appropriate boundary counter term we can eliminate the divergent term in (6.22)
proportional to e2ηmax . We are left with
F = −1
2
ηmaxVS2VSpLp+3 (6.23)
which is divergent since it still depends linearly on the cuttoff. However because we are only
interested in variations of F with respect to w or ηmax the final result is finite
δF
δw
= −1
2
VS2VSpLp+3 (6.24)
Using (6.24) and (6.20) we compute the central charge
c =
3
2
VS2VSpLp+3. (6.25)
This formalism is very similar to that of the entropy function [7, 68]. There the entropy
was given by extremizing some entropy function proportional to the bulk lagrangian. Here we
extremize a bulk lagrangian to compute the central charge.
For the moment we considered the case when both the left and right central charges are
the same. Though this method is very powerful it requires knowing all the terms in the action
which are non zero in the background solution. In the following we show how to go beyond this
perturbative approach by considering the Chern-Simons terms.
The presence of gravitational Chern-Simons terms renders the bulk action diffeomorphic
anomalous. This translates in the non conservation of the boundary stress tensor. Similarly the
presence of other gauge Chern-Simons terms implies the non-conservation of the dual currents
in the boundary theory [36, 38, 37].
The AdS/CFT correspondence instructs to compute a path integral over string fields with
specific boundary conditions [36]
Zstring = e
−Sclstring−S
1−loop
string +... = e−Γ[g
0
ij ,A0] (6.26)
where A0 is the boundary value of the gauge field and g
0
ij the boundary metric, just as an
example. The effective action Γ[g0ij, A0] includes both classical and quantum contributions.
The AdS/CFT dictionary then tells us to compute the boundary correlation functions of the
dual operators via
e−Γ[g
0,A]|AdS3 = 〈e−
∫
d2xT ijg0ij−
∫
d2xTrAµ(x)Jµ(x)〉|CFT2 (6.27)
– 80 –
where T ij is the boundary stress tensor and Jµ is the dual current. The presence of a gauge
Chern-Simons renders Γ[A] not gauge invariant and consequently it induces an anomalous dual
current. A gauge transformation with parameter Λ gives
δΛΓ[A] = −
∫
d2xTrΛJµ,µ (x) (6.28)
where Λ denotes a gauge transformation. Similarly a gravitational Chern-Simons will render
the boundary stress tensor anomalously conserved.
For four dimensional black holes which preserve at least four supercharges the near horizon
geometry is guaranteed to be rotational symmetric as explained in section §3. Apart from an
S2 factor the near horizon geometry is AdS2 × S1. When we take the momentum and the
asymptotic radius of S1 to infinity we can view the black hole as an extremal BTZ living in
AdS3. In this case the bulk theory has (0, 4) supersymmetry in AdS3. Generalizations to (4, 4)
theories corresponding to string theory on AdS3×S3 are straightforward. We will describe the
case of five dimensional black holes by the end of this section.
In the case of (0, 4) supersymmetry, the supergravity action can be regarded as a gauge
theory with supergroup SU(1, 1)× SU(1, 1|2). In terms of the superconnections ΓL and ΓR, in
the adjoint representation of SU(1, 1) and SU(1, 1|2) respectively, the action can be written as
[68]
S = aL
∫
Tr(ΓL ∧ dΓL + 2
3
ΓL ∧ ΓL ∧ ΓL) + aR
∫
Tr(ΓR ∧ dΓR + 2
3
ΓR ∧ ΓR ∧ ΓR). (6.29)
In terms of the bosonic fields the action is
S =
∫
d3x
√
g(R− 2Λ)
+
K
2
∫
Tr
(
Γ ∧ dΓ + 2
3
Γ ∧ Γ ∧ Γ
)
+
kR
4π
∫
Tr
(
A ∧ dA+ 2
3
A ∧ A ∧ A
)
(6.30)
where Λ = −1/l2 is the cosmological constant, A is the SU(2) gauge field and Γ is the SO(2, 1)
tangent space connection.
Under a local Lorentz gauge transformation ω of Γ ,
δΓ = dω + [Γ, ω] (6.31)
the variation of the graviational Chern-Simons gives a boundary term which induces a variation
on the action
δS =
K
2
∫
∂AdS3
TrωdΓ. (6.32)
At the same time a variation is induced in the source that couples to the stress tensor T ij
in the boundary,
δSCFT =
1
2
∫
d2x
√
gT ijδgij (6.33)
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The local Lorentz gauge transformation ω induces a variation in the boundary metric. After
some tedious calculation we can relate the difference between the left and right central charges
of the CFT to the coefficient of the gravitational Chern-Simons term
cL − cR = 48πK (6.34)
with K/2 the coefficient of the gravitational Chern-Simons.
A similar analysis can be done for the gauge Chern-Simons. In this case the coefficient of
the SU(2) gauge Chern-Simons is related to the anomaly kR of the boundary SU(2) R-current
via
kR = 4πα (6.35)
where α is the coefficient of the gauge Chern-Simons. Closure of the (0, 4) superconformal
symmetry in the boundary CFT relates the central charge cR of the right super-Virasoro algebra
to the SU(2) R-current anomaly via
cR = 6kR
Armed with both the gravitational and gauge Chern-Simons coefficients β and α we can compute
cL
cL = 96πβ + 24πα (6.36)
In the case of string theory on AdS3 × S3 the R-symmetry is SO(4) = SU(2)L × SU(2)R,
the isometry group of S3. In this case we have an additional gauge Chern-Simons associated
with the SU(2)L connection. In addition if the SCFT has (4, 4) superconformal symmetry we
can identify the left central charge with the left-moving R-current anomaly through cL = 6kL.
Since cL and cR are determined in terms of the Chern-Simons coefficients they cannot receive
any higher derivative corrections. From equation (6.25) this may seem surprising because we
would expect the central charges to depend on all the derivative corrections.
In [127] the authors explain this puzzle. The first thing to note is that from the bulk point
of view, (0, 4) supersymmetry prevents the addition of any higher derivative corrections except
those that can be removed by a field redefinition. On the CFT side all the correlation functions
of operators dual to the fields in the supergravity multiplet are determined completely in terms
of cL and cR, the central charges of the left and right Virasoro algebras. Once we determine
cL and cR via the gravitational and gauge Chern-Simons coefficients we can determine all
correlation functions of the superconformal currents and therefore the boundary S-matrix of
the supergravity fields. Now, two different theories with same boundary S-matrix must be
related by a field redefinition. In other words two actions with (0, 4) supersymmetry and the
same Chern-Simons terms must be related by a field redefinition.
6.2 Results from four dimensional black holes
We consider the D1-D5-KK-P black hole studied in section §2 (2). Since we are interested in
answering some puzzles related to M theory on K3 × T 2, raised in [128, 129, 130], we will
proceed our analysis in the M-theory frame.
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In type IIB compactified on K3×S1×S˜1, this black hole carries the following set of charges:
Q1 D1-branes wrapping the circle S
1 16, Q5 D5-branes wrapping K3 × S1, K˜ KK monopoles
associated with the circle S˜1, n units of momentum along S1 and J units of momentum along S˜1.
First we use mirror symmetry on K3 to map the D1-D5 to a D3-D3 system with Q1 D3-branes
wrapping a 3-cycle Σ2×S1 and Q5 D3-branes wrapping a 3-cyle Σ˜2×S1, with Σ2 and Σ˜2 a pair
of dual 2-cycles of K3. We then make a T-duality along S˜1 to map the D3-branes to D4-branes
and the KK monopoles to NS5-branes wrapped on K3 × S1. The momentum J is mapped to
winding. We note the dual circle by Sˆ1. So far we have Q1 D4-branes on Σ2 × S1 × Sˆ1, Q5
D4-branes on Σ˜2 × S1 × Sˆ1, K˜ NS5-branes on K3 × S1, J fundamental strings wrapping Sˆ1
and n units of momentum along S1 in the type IIA frame. We can now lift this configuration
to M-theory on S1M , the M-theory circle. Altogether we have Q1 M5-branes wrapping the 5-
cycle Σ2 × S1× Sˆ1× S1M , Q5 M5-branes wrapping Σ˜2 × S1× Sˆ1× S1M , K˜ M5-branes wrapping
K3× Sˆ1 × S1M , J M2-branes wrapping Sˆ1 × S1M and n units of momentum along S1.
The presence of spining M2-branes in the background of M5-branes brings additional diffi-
culties in the study of the low energy theory. Therefore we restrict to the case when M2-branes
are absent by setting J = 0.
Our goal will be to compute the index associated with this black hole from a bulk perspective
and then compare it with the index B6 that we determined in section §2, in the limit when
we take n very large keeping the other charges finite. As explained before, in the limit of
large radius S1, the AdS2 × S2 near horizon of the four dimensional black hole in M-theory
combines with the circle S1 to form a locally AdS3 × S2 factor [68, 35]. Moreover as we send
the asymptotic radius S1 to infinity keeping the other moduli fixed the solution develops an
intermediate AdS3 region where the black hole solution can be seen as a BTZ black hole. The
entropy can be computed using the Cardy formula
SBH ≈ e2π
√
ncL/6 (6.37)
where cL is the left central charge of the dual CFT2. In the limit when all the charges are
very large, we can use formula (6.25) to compute the leading contribution to the central charge
cL = 6Q1Q5K˜ which comes, basically, from the Einstein-Hilbert term. This agrees with the
Beckenstein-Hawking entropy SBH ≈ 2π
√
Q1Q5K˜n, [131, 132].
As explained in the previous section the central charge cL can be computed exactly given
the Chern-Simons coefficients in the bulk theory.
M-theory contains, already in eleven dimensions, higher derivative corrections. One of
particular importance in this problem is a eighth derivative Chern-Simons term [133, 134]
∼
∫
C3 ∧ I8(X) (6.38)
16The number Q1 is effectively the charge and not the number of D1-branes. Due to the present of a Chern-
Simons term of the form
∫
C2∧R∧R in the D5-brane world volume theory, there is an induced −N5 D1 charge,
with N5 the number of D5 branes wrapping K3. Therefore the total D1 charge is Q1 = N1 −N5, where N1 is
the number of D1 branes.
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where C3 is the three form gauge field of M theory. The eighth form is defined as
I8(X) =
1
48
(
p2(X)− 1
4
p1(X)
2
)
(6.39)
with X being the eleven dimensional space and pn the nth Pontryagin class. Once we reduce
the theory on K3 × S˜1 × S1M a five dimensional gravitational Chern-Simons on AdS3 × S2 is
generated [38, 35],
SCS =
1
32π2
∫
AdS3×S2
Ω3(Γ) ∧ F (6.40)
where F is the KK monopole gauge field strength and Ω3(Γ) is the gravitational Chern-Simons
in AdS3. Using the equation of motion
∫
S2
F = 4πK˜ we get
SCS =
1
8π
∫
AdS3
Ω3(Γ). (6.41)
From the coefficient of the gravitational Chern-Simons we can determine the difference between
the central charges. That is,
cL − cR = 12K˜. (6.42)
Concerning the gauge Chern-Simons it can have two possible origins. First, there is already in
eleven dimensions a gauge Chern-Simons term of the form∫
C3 ∧ F 4 ∧ F 4 (6.43)
with C3 the M-theory three form and F 4 its field strength. After reducing down to five dimen-
sions it originates a five dimensional Chern-Simons on AdS3 × S2 of the form∫
C1 ∧ F 2 ∧ F 2 (6.44)
with F 2 = dC1 and C1 is the reduction of C3 on S˜1×S1M . The reduction of a term of this type
down to AdS3 was analyzed in [135]. The authors do a careful treatment of the SU(2) gauge
fields which result from gauging the S2 isometries. Roughly, they consider a solution where S2
is fibered over AdS3 with the fibers being the SU(2) connections,
ds2 = ds2AdS3 +
3∑
i=1
(dyi − Aij(x)dxj)2,
3∑
i=1
(dyi)2 = 1. (6.45)
where Aij is the SO(3) R-connection. At infinity, that is, near the boundary A
i
j vanishes and
we recover AdS3× S2. A careful treatment of the fluxes over a gauged S2 has to be considered
in this case. They found that the gauge field C1 that carries magnetic charge on S2 will not be
invariant under an SU(2) gauge transformation of the S2 fibers, inducing a SU(2) gauge Chern-
Simons via the term (6.44). This term will be responsible for an anomalous conservation of the
SU(2) right-moving R-current on the boundary theory. Moreover, using (0, 4) supersymmetry
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we determine cR = 6kr where kR is the R-current anomaly. Since the Chern-Simons term in
(6.44) is a two derivative term, the contribution to the central charge will correspond to the
leading supergravity approximation,
cR = 6Q1Q5K + . . . (6.46)
The other possible contribution comes from the eighth derivative Chern-Simons term in
eleven dimensions (6.38). Because this term is higher order in derivatives it will give subleading
corrections to cR. The gauging of S
2 induces an additional contribution in the tangent space
connection Γ of AdS3 × S2. The total connection is the direct sum of the SO(2, 1) connection
ΓAdS3 of AdS3 and the SO(3) connection A associated with the sphere: Γ = ΓAdS3 ⊕ A. The
five dimensional gravitational Chern-Simons term decomposes as [35, 136, 137]
Ω3(ΓAdS3×S2) = Ω3(ΓAdS3) + Ω3(A). (6.47)
Therefore reducing (6.38) on K3× Sˆ1 × S1M × S2 originates an additional Chern-Simons term
K˜
2π
∫
AdS3
Ω3(AR) (6.48)
where the gauge field AR is in the adjoint of SU(2)
17. This term generates an additional
contribution of 12K˜ to the central charge cR. Together with the leading contribution (6.46) we
get
cR = 6Q1Q5K˜ + 12K˜. (6.49)
Now using the fact that cL − cR = 12K˜ we conclude that the central charge cL is given by
cL = 6Q1Q5K˜ + 24K˜. (6.50)
If we consider the most general case of an M5-brane wrapping a five-cycle P × S1, where
P is a divisor of M = K3× S1M × S˜1, we find [35, 38, 128]
cR =
∫
M
P˜ ∧ P˜ ∧ P˜ + 1
2
P˜ ∧ c2(M), cL =
∫
M
P˜ ∧ P˜ ∧ P˜ + P˜ ∧ c2(M) (6.51)
where P˜ is the 2-cycle dual to P in M and c2(M) is the second chern class of M . In terms of a
basis of four cycles σa of M and the charge vector qa, the divisor P is represented as P = qaσ
a.
In this case we have P = Kσ(K3) +Q1σ(Σ
2 × S1 × S˜1) + Q5σ(Σ˜2 × S1 × S˜1).
We could wonder if there are any other terms in the eleven dimensional theory that could
possibly contribute with additional gravitational or gauge Chern-Simons terms.
To study this possibility we use the scaling argument developed in [138]. This is a useful
way to track at which order in perturbation theory potential higher derivative terms can arise.
17In rewriting the SO(3) connection A = 1
2
AijJ ij , where J ij are the SO(3) generators, in terms of SU(2)
generators Ja as A = AaJa there is an additional factor of four in the Chern-Simons term due to the fact that
Tr(J ij)2 = 4Tr(Ja)2
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Say we take an extremal black hole carrying NS-NS electric qeleNS−NS and magnetic q
mag
NS−NS
charges, and RR charges qRR. The tree level IIA/B string theory action has a scaling symmetry
under which the dilaton φ gets shifted by a constant − lnλ, the NS-NS fields remain invariant
and the RR fields are multiplied by λ. The effect of this scaling is to multiply the action by λ2.
In terms of the charges, this corresponds to multiply by λ2 the NS-NS electric charges and by
λ the RR charges while leaving invariant the magnetic charges. The formula (6.25) relates the
central charge to the string theory action computed in the near horizon background. Hence,
the central charge as a function of the charges will have the same scaling symmetry as the tree
level action, that is,
c0(λ2qeleNS−NS, q
mag
NS−NS, λq
ele
RR) = λ
2c0(qeleNS−NS, q
mag
NS−NS, q
ele
RR) (6.52)
where c0 denotes the tree level contribution to the central charge. In the same spirit we can
keep track of additional l-loop contributions through
cl(λ2qeleNS−NS, q
mag
NS−NS, λq
ele
RR) = λ
2−2lcl(qeleNS−NS, q
mag
NS−NS, q
ele
RR) (6.53)
where cl is the l-loop contribution to the central charge. In the case of the D1-D5-KK system
we have Q1 and Q5 RR charges and K˜ NS-NS magnetic charge. Since the central charge is an
integer we can write it as a polynomial in the charges. Terms linear in Q1 or Q5 are not allowed
because they would correspond to a 1/2-loop contribution which is absent in closed string theory.
Moreover the dependence on the RR charges must come in the form Q1Q5 if we want to respect
duality. The contribution 6Q1Q5K˜ to the central charge scales as λ
2 since it comes from the
tree level action. The remaining 12K corresponds to one-loop contribution because it doesn’t
scale. Indeed the term (6.38) is generated at one-loop in string theory [134, 133]. Though all
this analysis, we can still ask whether additional one-loop contributions to the gravitational
or gauge Chern-Simons can arise after compactification on M × S2. A priori we can not rule
out such possibility. Equations (6.26) and (6.27) show that additional one-loop Chern-Simons
terms in AdS3 can be generated. For example in AdS5 there is a one-loop generated SU(4)
gauge Chern-Simons term that is responsible for a constant −1 correction to the leading N2
SU(4) R-symmetry anomaly in SU(N) SYM [126]. If we denote by aL and aR possible one-loop
contributions to cL and cR respectively, we have
cL = 6Q1Q5K˜ + 24K˜ + aL, cR = 6Q1Q5K˜ + 12K˜ + aR (6.54)
To determine the full contribution to the black hole index we have to combine the bulk
results with the exterior modes contribution. The total central charge which controls the
asymptotic growth of the index is
cmacroL = 6Q1Q5K˜ + 24K˜ + aL + c
eff
L (6.55)
In the next section we will see that the effect of ceffL is to cancel the constant one-loop contri-
bution aL.
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6.3 Exterior modes contribution
The central charge of the left Virasoro algebra can be determined in terms of the coefficients of
the gravitational and SU(2) gauge Chern-Simons present in the bulk action of the intermediate
AdS3 geometry. The left central charge is given by a simple formula
cL = c
grav
bulk + 6kR (6.56)
where cgravbulk = cL − cR is proportional to the coefficient of the gravitational Chern-Simons and
kR is the R-current anomaly which is proportional to the coefficient of the SU(2) gauge Chern-
Simons term. Part of the answer came from integrating Chern-Simons terms already existing
in eleven dimensional M-theory on K3 × T˜ 2 × S2, down to five dimensions. We also argued
that additional one-loop constant contributions generated after compactification were possible.
Imagine that instead of doing a reduction on K3 × T˜ 2 × S2 we do this in the asymptotic
region where the eleven dimensional geometry looks like K3 × T˜ 2 × R5. In a vast region of
space-time, namely for 1 ≪ r1 ≪ r ≪ r2, the space looks like K3 × T˜ 2 × S2 × R3, where
R3 contains the time coordinate, the radius r and the coordinate y corresponding to the circle
S1. We can now compactify the eleven dimensional theory on K3× T˜ 2 × S2 and compute the
coefficients of the gravitational and gauge Chern-Simons with support on R3. The calculation
will be identical to what we have done in the previous section except that in this case the
one-loop corrections are not generated after compactification.
These coefficients will be identical to (6.54) except for the constant shifts. On R3 we denote
by casympgrav and k
asymp
R the gravitational and gauge Chern-Simons coefficients. For the D1-D5-KK
system we have
casympgrav = 12K˜, k
asymp
R = Q1Q5K˜ + 2K˜ (6.57)
The difference between the anomaly coefficients computed at asymptotic infinity and those
computed at the intermediate AdS3 must be accounted by the exterior modes which live in
between those two regions. That is,
casympgrav = c
bulk
grav + c
exterior
grav , k
asymp
R = k
bulk
R + k
exterior
R (6.58)
where cexteriorgrav and k
exterior
R denote the contributions to the gravitational and SU(2) current
anomalies from the exterior modes. Since both casympgrav and k
asymp
R are free from constant shifts,
the effect of cexteriorgrav and k
exterior
R is to cancel the one-loop contributions aL and aR in (6.54),
that is,
6kexteriorR + aR = 0, c
exterior
grav + aL = 0 (6.59)
Ultimately we are interested in the total index which is controlled by an effective central
charge which we denote by cmacroL (6.55). This effective central charge is the sum of the bulk
central charge cL and an effective central charge c
eff
L that controls the growth of the index for
the exterior modes. For the bulk degrees of freedom we used holography to determine the left
central charge in terms of the Chern-Simons, that is, cL = c
bulk
grav + 6k
bulk
R , while for the exterior
modes, a priori there’s no relation between ceffL , c
exterior
grav and k
exterior
R because we don’t have
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a dual description of the theory. Once we find the relation between these coefficients we can
relate cmacroL to the known quantities c
asymp
grav and k
asymp
R .
In the next we show, based on certain assumptions, that the following relation holds
ceffL = c
exterior
grav + 6k
exterior
R . (6.60)
Surprisingly it is identical to the relation (6.56) valid for the bulk theory. In general these
exterior modes are associated with the center of mass degrees of freedom of a brane system
like the singleton in AdS5 which describes the U(1) factor of the U(N) SYM. For the exterior
modes we are not able to identify the R-symmetry of the two dimensional theory with the
rotation group of S2 since the scalars that describe transverse motion are not chiral under
rotations. For example in the case of the D1-D5 system they describe motion in the transverse
R4. The SO(4) R-symmetry of the dual CFT2 then acts non-chirally on the bosons as SO(4)
rotations. Since the R-symmetry is a chiral symmetry, SO(4) cannot be the R-symmetry of
the superconformal R4 sigma model [52]. If we were able to identify the R-symmetry of the
exterior superconformal theory with the rotation group of the transverse space then kexteriorR
would correspond to the R-symmetry current anomaly kR. In addition we could use (0, 4)
supersymmetry to compute the right super-Virasoro central charge via cR = 6kR and then
conclude cexteriorL = c
exterior
grav + 6k
exterior
R .
In attempting to derive the formula (6.60) we make the assumptions
1. The exterior modes consist of free massless scalars and fermions belonging to singlet
and/or spinor representations of SU(2)L × SU(2)R.
2. The scalar modes that transform in the vector representation of SO(4) are non-chiral.
Under this assumption the contribution of the scalars to the SU(2)L or SU(2)R current
anomalies always vanish.
This is basically the content of the R4 sigma model we described in section §2 (2) when studying
the microscopic degrees of freedom of the D1-D5-KK associated with the center of mass motion
of the D1-D5 system.
Note that we are considering the most general case by allowing the fields to be charged
under an additional SU(2)L. This would be relevant for the case when the black hole has a S
3
factor in the near horizon geometry, in which case the R-symmetry is SU(2)L × SU(2)R.
In addition the 1 + 1 dimensional CFT describing the exterior mode part has (0, 4) super-
symmetry. This follows from the supersymmetry of the solution outside the AdS3 region.
Both the anomaly coefficients kexteriorR and c
exterior
grav = c
exterior
L − cexteriorR can be extracted
by reading the quantum numbers of the fields. For example a complex right-moving fermion
charged under SU(2)R will contribute with 1/2 to the right-moving current anomaly kR while
a left-moving fermion charged under the same group contributes with −1/2 and vice-versa
for SU(2)L. As usual, the central charge is given by the number of bosons plus half the
number of fermions. To compute ceffL we have to read the asymptotic behaviour of the index
B6 exterior = −1/6!Tr(−1)2JR(2JR)6 in the limit of large n. We use instead B6 exterior = Tr(−1)2JR
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where integration over fermion zero modes has been carried out. Since the theory has (0, 4)
supersymmetry, BPS condition forces the right-moving excitations to be in the ground state.
Consider the example of left-moving Nb scalars and Nf fermions uncharged under SU(2)R.
The partition function can be easily computed to give
Tr(−1)2JRqL0 =
∑
d(n)qn =
1
q(Nb−Nf )/24
∏
m(1 + q
m)Nf∏
m(1− qm)Nb
, q = e2πiτ .
For large n the index grows as d(n) ≈ e2π
√
ncL/6 with cL = Nb + 1/2Nf . In this case c
eff
L = cL.
Now consider the same system but with the fermions charged under SU(2)R. The partition
function is now ∑
d(n)qn =
1
q(Nb−Nf )/24
∏
m(1− qm)Nb−Nf
, q = e2πiτ .
In this case d(n) ≈ e2π
√
nceffL /6, for large n, with ceffL = Nb−Nf 6= cL. The left-moving fermions
all together contribute with −Nf/4 to the SU(2)R current anomaly. On the supersymmetric
side we have N bosons and N fermions both charged under SU(2)R. Their contribution is
cR = 3N/2 for the central charge and N/4 for the right R-current anomaly. The total anomaly
becomes kR = N/4 − Nf/4. Note that in this case cR 6= 6kR consistent with our assumptions.
A straightforward calculation shows that ceffL = cgrav + 6kR. Note that in this example c
eff
L
can be negative provided Nf > Nb which is possible because the left-moving sector is not
supersymmetric.
We could repeat this analysis for many other examples though we would arrive at the same
conclusion
ceffL = cgrav + 6kR. (6.61)
Unfortunately we lack a physical understanding of this result.
We are now in a position to compute the total index in terms of the anomaly coefficients
measured at asymptotic infinity.
Using equations (6.61) and (6.58) we compute the total index
cmacroL = c
bulk
L + c
eff
L = c
bulk
grav + c
exterior
grav + 6k
bulk
R + 6k
exterior
R = c
asymp
grav + 6k
asymp
R (6.62)
from which we conclude that the coefficient cmacroL that controls the growth of the total index
is given in terms of the coefficients of the gravitational and gauge Chern-Simons computed at
asymptotic infinity. For the case of the D1-D5-KK this translates to
cmacroL = 6Q1Q5K˜ + 24K˜ (6.63)
We end this section by making some remarks on equation (6.58) based on anomaly inflow
[136, 137].
It was pointed out some time ago [139] that the anomalous conservation of the charge
current in a string, due to the presence of chiral fermion zero modes, should be cancelled by
an inflow of charge current from the exterior. This mechanism is called anomaly inflow. It was
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extremely useful in explaining both the tangent and normal bundle anomalies of an M5-brane
[137, 136]. In the even dimensional world volume theory of the M5-brane there are chiral fields
which render both the SO(5, 1) and SO(5) ,respectively, tangent and normal diffeomorphisms,
anomalous. The associated charges will therefore be anomalously conserved. This means that
the total charge in the world volume theory will vary with time unless there is an inflow of a
charge current from the exterior bulk. This was consistent with the fact that there is already
in the eleven dimensional supergravity a eighth derivative Chern-Simons coupling of the form
∼
∫
11
C3 ∧ I8(X)
where C3 is the three form gauge field of M-theory and I8(X) is a eight form constructed out
of the Riemann tensor. We had made use of this term to derive the Chern-Simons terms in the
five dimensional theory of black holes in M-theory (6.38). In this context the Chern-Simons
terms are computed at asymptotic infinity and therefore the anomaly coefficients are free from
constant one-loop corrections. Equations (6.58) are equivalent to anomaly inflow.
6.4 Microscopic results
We borrow the microscopic results from section §2 (2).
For a primitive dyon, that is, a dyon for which gcd(Q ∧ P ) = 1 we saw that the index was
given by the fourier coefficient of the inverse of the Siegel modular form Φ10, that is,
B6(Q
2, P 2, Q.P ) = (−1)Q.P+1
∫
C
dρdσdv
e−iπρQ
2−iπσP 2−2πivQ.P
Φ10(ρ, σ, v)
(6.64)
While in the more general case with I ≥ 1, for dyons (Q,P ) = (IQ0, P0) with gcd(Q0∧P0) = 1,
the index was given by
B6(Q,P ) =
∑
s|I
s d1
(
Q2
s2
, P 2,
Q.P
s
)
, (6.65)
where d1
(
Q2
s2
, P 2, Q.P
s
)
is computed from the primitive answer.
We are interested in the behaviour of B6 in the limit of large Q
2 = 2nK, finite P 2 = 2Q1Q5
and Q.P = 0. We use an asymptotic expansion of the primitive answer derived in [26] which
has the form (2.39)
B6 ≃
∫
d2τ
τ 22
e−F (τ1,τ2) (6.66)
with
F (τ1, τ2) = − ln
(
26 +
π
τ2
(Q2 + P 2|τ |2)
)
− π
2τ2
(Q2 + P 2|τ |2)
+ 24 ln η(τ) + 24 ln η(−τ ) + 12 ln(τ2). (6.67)
We compute this integral using a saddle point approximation. Due to the symmetry τ1 → −τ1
of the free energy F we can set τ1 = 0 at the saddle point. At the same time we use the ansatz
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that τ2 becomes very large at the saddle point to simplify F (τ1, τ2)
F (0, τ2) ≃ − π
2τ2
(Q2 + P 2τ2
2)− 4πτ2. (6.68)
From this expression we determine the value of τ2 at the saddle point
τ ∗2 =
√
Q2
P 2 + 8
(6.69)
In the limit considered τ ∗2 becomes very large which justifies our assumption. We can now
estimate the asymptotic growth of the index
lnB6 ≃ π
√
Q2(8 + P 2) (6.70)
For the charge configuration of our problem we have Q2 = 2nK˜ and P 2 = 2Q1Q5 which gives
lnB6 ≃ 2π
√
nK(4 +Q1Q5) (6.71)
This is in perfect agreement with the macroscopic derivation (6.63).
6.4.1 MSW string
Here we are interested on the derivation of the microscopic index using directly the data from
the 1+1 low energy theory of the M5-brane on the divisor P .
As explained before the D1-D5-KK system can be mapped to a M5-brane wrapping a five
cycle P × S1 with P a divisor in M = K3 × Sˆ1 × S1M . If the size of the circle S1 is much
larger than the typical size of M , then theory which describes the low energy fluctuations of a
M5-brane on P × S1 is a 1 + 1 dimensional (0, 4) SCFT.
The BPS states in this theory involve the left-moving excitations. The growth of the
degeneracy of these states is given by a Cardy formula determined in terms of the central
charge cmicroL of the left Virasoro algebra. For a theory with Nb left-moving bosons and Nf
left-moving fermions the central charge is cmicroL = Nb + Nf/2. Since our interest is the index
B6 instead of the degeneracy, the computation goes differently. After integrating over the
fermionic zero modes, B6 reduces to the Witten index Tr(−1)F . While (−1)F does not affect
the contribution from a bosonic oscillator it can change that of a fermion. The growth of the
index is now controlled by an effective central charge [140] given by
cmicroL,eff = Nb −Nf . (6.72)
Note that if Nf = 0 then c
micro
L,eff = c
micro
L .
According to the analysis of [128], the number of bosons in the low energy theory is
NLb = dp(P ) + b
−
2 + 3,
NRb = dp(P ) + b
+
2 + 3 (6.73)
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The upper indices L,R denote left and right sectors, dp(P ) is the dimension of the moduli space
of deformations of the divisor P inside M , 3 accounts for the center of mass translations and
b−2 , b
+
2 denote the number of self and anti-self dual two forms of P . These scalars originate from
the reduction of the two form living on the world-volume of the M5-brane. For the fermions
we have
NLf = 4h1,0(P ),
NRf = 4h2,0(P ) + 4 (6.74)
For an ample divisor P the authors in [128] gave an expression for dp(P ) when M is a
manifold without one-cycles. In this caseM = K3×S1M×S˜1 contains two one-cycles. Therefore
we proceed differently following [129]. On a Kahler manifold we have the following relations
b2 = b
+
2 + b
−
2 = 2h2,0 + h1,1, b
−
2 = h1,1 − 1 (6.75)
Using these results in equations (6.73) and (6.74) together with the fact that for the right-
moving sector supersymmetry implies NRb = N
R
f , we find
dp(P ) = 2h2,0. (6.76)
For the left-moving fields we get
NLb = 2h2,0(P ) + h1,1 + 2 = beven(P ), N
L
f = 4h1,0 = bodd(P ). (6.77)
The effective central charge cmicroL,eff = N
L
b −NLf is just the Euler character of P , that is, cmicroL,eff =
beven − bodd = χ(P ).
This has a simple expression in terms of the two-cycle P˜ dual to P in M
cmicroL,eff = χ(P ) =
∫
M
P˜ ∧ P˜ ∧ P˜ + P˜ ∧ c2(M) (6.78)
where c2(M) is the second chern class of M . In the particular example of the D1-D5-KK the
divisor is P = K˜σ(K3)+Q1σ(Σ
2×S1× S˜1)+Q5σ(Σ˜2×S1× S˜1) where σ denotes a four cycle
in M . Substituting in the formula above we get
cmicroL,eff = 6Q1Q5K˜ + 24K˜. (6.79)
in perfect agreement with both the microscopic result computed from Φ−110 and the macroscopic
one computed from the coefficients of the Chern-Simons terms. If we computed the physical
left central charge that controls the degeneracy instead of the index we would find
cmicroL = N
L
b +N
L
f /2 = 6Q1Q5K˜ + 24K˜ + 6 (6.80)
where we used NLf = 4h1,0(P ) = 4h1,0(M) = 4. As observed in [129, 130], (6.80) fails to agree
with the macroscopic result (6.63). Hence we see that the apparent puzzle arose from comparing
the microscopic degeneracy with the microscopic index.
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6.5 Five dimensional black holes
The analysis goes more or less in the same way as in the four dimensional case. The main
difference resides on the fact that the five dimensional black hole can carry angular momentum
without breaking supersymmetry.
The spatial rotation group in five dimensions is SU(2)L×SU(2)R. We denote by JL and JR
the U(1) generators of both factors. Among all the supersymmetry generators of the theory half
belong to the (1L, 2R) and the other half to (2L, 1R) representations of SU(2)L × SU(2)R. We
choose the convention that for a state preserving four supersymmetries the unbroken generators
are in the (1L, 2R) representation. Moreover k broken supersymmetries give rise to k fermion
zero modes. For those which are charged under SU(2)R, we insert a power of (2JR) for each
pair of fermion zero modes to render the index non vanishing.
For a five dimensional black hole in N = 4 string theory, like in the case of the D1-D5-P in
type IIB on K3 × S1 [53], the solution carries two complex fermion zero modes in the (1L, 2R)
representation. If we consider the same brane system but in type IIB on (T 4 × S1) [27], we
have six complex fermion zero modes instead of two.
To capture the BPS states we use the spacetime index
B2 = −1
2
Tr(−1)2JR−2JL(2JR)2 (6.81)
where we sum over JR and fix the angular momentum JL and the remaining charges. For
simplicity we shall use the index defined as
C2 = −1
2
Tr(−1)2JR(2JR)2 (6.82)
which is related to B2 by a simple operation B2 = (−1)2JLC2.
The near horizon geometry of these black holes has locally an AdS3×S3 factor. We proceed
similarly as in section §6.2. By sending the attractor radius of the circle S1 to infinity keeping
the other charges finite, we combine the circle S1 with AdS2 to form a locally AdS3. At the
same we take the asymptotic radius to infinity and keep the other moduli fixed to get an
intermediate AdS3 region where the solution can be embedded as an extremal BTZ black hole.
Since we keep fixed the angular momentum J while taking the asymptotic radius R of the circle
to infinity the physical angular momentum J/R vanishes restoring the S3 symmetry as seen
from an asymptotic observer.
As before we consider the contribution to the index from the bulk and exterior degrees of
freedom. The index C2 becomes
C2 = −1
2
Tr(−1)2JbulkR +2JexteriorR (2J bulkR + 2JexteriorR )2 (6.83)
= −1
2
Tr(−1)2JbulkR Tr(−1)2JexteriorR (2JexteriorR )2 (6.84)
=
∑
q1+q2=q
J1+J2=JL
Cbulk(q1, J1)C2 exterior(q2, J2) (6.85)
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where we have defined Cbulk = Tr(−1)2JbulkR and C2 exterior = −12Tr(−1)2J
exterior
R (2JexteriorR )
2. We
proceed by constructing the partition function
C˜2(τ, z) =
∑
n,JL
C2(n, JL)e
2πiτ+2πiJLz (6.86)
= C˜bulk(τ, z)C˜2 exterior(τ, z) (6.87)
In the CFT2 dual to the bulk AdS3 we can identify the SU(2)L and SU(2)R rotation symmetries
with the left and right R-symmetries. In the same spirit of (6.11), C˜bulk(τ) as the small τ
behavior
C˜bulk(τ) ≈ e
πicL
12τ
−2πi
kLz
2
τ (6.88)
where cL is the central charge of the left Virasoro algebra and kL is the SU(2)L R-current
anomaly.
Using a saddle point approximation, the entropy of the rotating black hole is given by
lnCbulk ≈ 2π
√
cL/6
(
n− J
2
1
4kL
)
(6.89)
in agreement with supergravity computations [53]. We shall also argue that for the exterior
modes the corresponding partition function has a similar behaviour for small τ , that is,
C˜2 exterior(τ) ≈ e
πic
eff
L
12τ
−2πi
k
eff
L
z2
τ (6.90)
where ceffL and k
eff
L shouldn’t be confused neither with the left central charge nor with the
current anomaly. These are coefficients that control the asymptotic growth and should be
computed case by case. Their physical origin is not known for the moment. As in section §6.1
these coefficients must be determined directly from the index. Joining both bulk (6.88) and
exterior (6.90) contributions, the partition function C˜2(τ, z) has small τ behaviour
C˜2(|τ | ≪ 1) ≈ e
πi(cL+c
eff
L
)
12τ
−2πi
(kL+k
eff
L
)z2
τ . (6.91)
Performing a saddle point approximation, the growth of the total index is given by
lnC2 ≈ 2π
√
cmacroL /6
(
n− J
2
1
4kmacroL
)
(6.92)
where we have defined cmacroL = cL + c
eff
L and k
macro
L = kL + k
eff
L .
So far we have analysed the dependence on the index in terms of microscopic quantities
like the central charges or the R-current anomalies. Since we don’t know the details of the dual
CFT2 we use the same technology of section §6.2 to determine cL and kL using the coefficients
of the Chern-Simons terms in the bulk of AdS3. In this case we need to consider in addition
the SU(2)L gauge Chern-Simons term to determine kL.
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For the exterior modes we have to compute ceffL and k
eff
L directly from the index. The
analysis goes in the same manner as in the four dimensional case. We study case by case two
dimensional field theories which obeying the assumptions (6.3) may correspond to an exterior
contribution. We found the following relations
ceffL = c
exterior
grav + 6k
exterior
R (6.93)
keffL = k
exterior
L (6.94)
The coefficient ceffL is the sum of c
exterior
grav = c
exterior
L − cexteriorR and the SU(2)R current anomaly
kexteriorR while k
eff
L equals the SU(2)L current anomaly.
The anomalous contributions from the bulk and the exterior modes must be combined to
give the anomaly coefficients measured at asymptotic infinity
casympgrav = c
bulk
grav + c
exterior
grav (6.95)
kasympR = k
bulk
R + k
exterior
R (6.96)
kasympL = k
bulk
L + k
exterior
L (6.97)
These together with the previous results give
cmacroL = cL + c
eff
L = c
asymp
grav + 6k
asymp
R (6.98)
kmacroL = kL + k
eff
L = k
asymp
L (6.99)
Since both casympgrav and k
asymp
R don’t receive one-loop constant corrections we arrive at the same
conclusion that the effect of the exterior mode contribution is to cancel the one-loop contri-
butions in the bulk anomaly coefficients which appear after compactification. The coefficients
cmacroL and k
macro
L are the same as cL and kL except for the constants shifts.
The asymptotic growth of the total index, as in the case of four dimensional black holes, is
determined in terms of the coefficients of the gravitational and gauge Chern-Simons computed
at asymptotic infinity. We find perfect agreement with the microscopic answer for the BMPV
black hole [35] computed from the low energy dynamics of the D1-D5 system on K3 [27, 26, 30].
6.5.1 Microscopic derivation
For the D1-D5 black hole in type IIB on K3 × S1 with Q1 D1-branes wrapping S1, Q5 D5-
branes wrapping K3 × S1 and n units of momentum on S1, the microscopic index is given by
the formula [27, 35, 69]
C2(n,Q1Q5, J) = (−1)J+1
∫ 1
0
dρ
∫ 1
0
dσ
∫ 1
0
dv(eπiv − e−πiv)4 η(ρ)
24
Φ10(ρ, σ, v)
e−2πi(nρ+σQ1Q5+Jv)
(6.100)
which is obtained from Φ10 using 4D-5D lift. Once we go from five to four dimensions there is
an additional contribution coming from the KK monopole excitations [26]. This explains the
factor η(ρ)24 in the formula above.
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In the limit of large charges 18 we can rewrite the index as an entropy function [35]
C2(n,Q1Q5, J) ≃
∫
d2τ
τ 22
e−F (τ1,τ2) (6.101)
with the free energy F (τ1, τ2) given by
F (τ1, τ2) = − π
τ2
(n+Q1Q5|τ |2 − τ1J) + 24 ln η(τ) + 24 ln η(−τ ) + 12 ln 2τ2
+ −24 ln η(i/2τ2)− 4 ln{2 cosh(πτ1/2τ2)}
− ln
[
1
4π
{
26 +
2π
τ2
(n+Q1Q5|τ |2 − τ1J) + i24
τ2
η′(i/2τ2)
η(i/2τ2)
+ 4π
τ1
τ2
tanh
πτ1
2τ2
}]
(6.102)
In the limit of large n and finite Q1Q5 and J we use the ansatz that at the saddle point
τ2 becomes very large. Therefore, neglecting some terms in (6.102), we keep the first square
bracket term and approximate 24 ln η(τ) + 24 ln η(−τ ) ≃ −4πτ2 and 24 ln η(i/2τ2) ≃ −4πτ2.
The saddle point is at
τ ∗1 =
J
2Q1Q5
, τ ∗2 =
√
4nQ1Q5 − J2
4Q1Q5
(6.103)
which in the limit considered justifies our ansatz. The entropy function evaluated at the saddle
point gives the Beckenstein-Hawking entropy of the BMPV black hole
lnC2 ≈ π
√
4nQ1Q5 − J2 (6.104)
This limit is also known as Cardy-limit.
Another interesting limit is to consider the case when the number of D1-branes becomes
very large while keeping the other charges finite. This case is easier to understand from the type
IIA perspective. Using ten dimensional S-duality followed by a T-duality along S1 we map the
D1-D5-P system to a system with Q5 NS5-branes, n fundamental strings wrapped along S˜
1, the
dual circle, and momenta Q1 along the same circle. The limit Q1 very large corresponds to the
Cardy limit of the low energy theory of the F-NS5 system. This example is interesting due to
the presence of NS5-branes. Even though we don’t know the microscopic theory, the anomaly
coefficients can be computed from the bulk using the technique already described. Moreover
since the index is invariant under duality, we can use the answer (6.100) obtained in the type
IIB frame and compare it with the macroscopic answer in the IIA frame.
In this case we assume the ansatz that τ2 is small at the saddle point. Defining a new
variable σ1 + iσ2 = τ
−1 and using modular properties, we rewrite (6.102) in terms of this
variable. The limit of small τ2 corresponds to large σ2. The saddle point is at
σ1 = − J
2(n− 1) , σ2 =
√(
Q1Q5 − J
2
4(n− 1)
)
/(n+ 3) (6.105)
18This limit is particularly different from the limit used in [26] in the sense that only one of the charges is
taken to be very large. This is an important difference to consider when performing the asymptotic expansion.
We refer the reader to the appendix of [35] where this analysis has been carried out carefully
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which in the limit considered justifies our ansatz. The Beckenstein-Hawking entropy becomes
lnC2 ≃ 2π
√
(n + 3)
(
Q1Q5 − J
2
4(n− 1)
)
(6.106)
In summary,
1. Cardy limit: n→∞, fixed Q1, Q5 charges and angular momenta J ,
lnB2micro ≃ lnB2macro ≃ 2π
√
nQ1Q5 − J2/4 (6.107)
where ≃ means equality up to corrections suppressed by powers of n.
2. Anti-Cardy limit: Q1 →∞, fixed n,Q5 charges and angular momenta J ,
lnB2micro ≃ lnB2macro ≃ 2π
√
(n+ 3)
(
Q1Q5 − J
2
4(n− 1)
)
(6.108)
where ≃ means equality up to corrections suppressed by powers of Q1.
6.5.2 Macroscopic derivation
The analysis of the Chern-Simons in five dimensions requires a bit more work than in four
dimensions. The main difference is the additional SU(2)L R-symmetry current dual to the bulk
SU(2)L gauge field. Because the black hole has a S
3 factor in its near horizon geometry, after
reducing down to AdS3 a SU(2)L gauge Chern-Simons will be generated. The Cardy formula
which depends explicitly on the anomaly coefficient kL, is given by
lnC2, macro ≃ 2π
√
cmacroL /6
(
n− J
2
1
4kmacroL
)
(6.109)
We give the results for both the Cardy and Anti-Cardy limits. For additional details on
the computation we refer the reader to [35].
1. Cardy limit:
cmacroL = 6Q1Q5, k
macro
L = Q1Q5
cmacroR = 6Q1Q5, k
macro
R = Q1Q5
lnC2, macro ≈ π
√
4nQ1Q5 − J2
2. Anti-Cardy limit:
cmacroL = 6Q5(n+ 3), k
macro
L = Q5(n− 1)
cmacroR = 6Q5(n+ 1), k
macro
R = Q5(n+ 1)
lnC2,macro ≈ 2π
√
(n+ 3)
(
Q1Q5 − J
2
4(n− 1)
)
Both the Cardy and Anti-Cardy limits of the macroscopic index are in perfect agreement
with the microscopic results.
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7. Discussion, conclusions and outlook
It is remarkable that a functional integral of string theory in AdS2 precisely reproduces the first
term in the Rademacher expansion that already captures all power-law suppressed corrections
to the Bekenstein-Hawking-Wald formula as described in §5.4.3. As we have seen in §5.4.4, the
functional integral has all the ingredients to reproduce even the subleading nonperturbative
corrections in the Rademacher expansion. It would be insteresting to see how string theory
functional integral reproduces the detailed number theoretic details of the Kloosterman sum.
Since d(∆) is an integer W (∆) would also have to be an integer. This suggests an underlying
integral structure in quantum gravity at a deeper level.
Our computation suggests that the bulk AdS string theory is every bit as fundamental as the
boundary CFT . Even though one sometimes refers to the AdS computation as macroscopic
and thermodynamic, quantum gravity in AdS2 does not appear to be an emergent, coarse-
grained description of the more microscopic boundary theory. Each theory has its own rules of
computation. It seems more natural to regard AdS/CFT holography as an exact strong-weak
coupling duality.
So far we have used holography in its original sense to mean a complete accounting of the
degrees of freedom associated with the AdS2 black hole horizon in terms of the states of a CFT1
in one lower dimension. The AdS2/CFT1 correspondence actually extends this idea further to
apply correlation functions as well. The boundary CFT1 has a GL(d) symmetry that acts upon
d(q, p) zero energy states. The observables of the theory are thus simply d× d matrices {Mi}.
A precise state-operator correspondence has been suggested [86] that allows one to define, at
least formally, the corresponding correlation functions for some of the observables in the bulk
theory. In the boundary theory it is easy to define correlation functions of observables as traces
of strings of operators such as
Tr(M1M2 . . .Mk) . (7.1)
We have seen that localization techniques can be successfully applied for computing the partition
function to compute the integer d. A natural question is if localization can be useful for
computing the correlation functions such as above. Such a computation would allow us to
recover the discrete information about the microstates of a black hole from observables living
in the bulk near the horizon. This of course goes to the heart of the problem of information
retrieval from black holes. It is likely that one would need to extend the localization analysis
beyond the massless fields to higher string modes to access this information.
The content of the boundary CFT1 is essentially completely determined by the integer d.
The bulk theory has an elaborate field content and action that depends on the compactification
K and the charges of the black hole. Imagine two different bulk theories AdS2×K and AdS2×K ′
but with the same black hole degeneracy d. This would suggest that the two string theories
near the horizon of two very different black holes in very different compactifications are dual
to the same CFT1. By transitivity of duality, this would imply that the two string theories
themselves are dual to each other. This conclusion seems inescapable from the perspective
of the CFT1. Note that it is not easy to arrange the situation when the degeneracies of two
– 98 –
different black holes are given by the same integer. For example, if the degeneracy is given by
the Fourier coefficients of some modular form, it would be rare, but not impossible, that two
such Fourier coefficients are precisely equal.
Our analysis uses an N = 2 reduction of the full N = 8 theory by dropping six gravitini
multiplets of N = 2 and the hypermultiplets. This was motivated by the fact that hypermulti-
plets are flat directions of the classical entropy function and the black hole is not charged under
the gauge fields in the gravitini multiplets. We have also ignored D-terms. This is partially
justified by the fact that the black hole horizon is supersymmetric and a large class of D-terms
are known not to contribute to the Wald entropy as a consequence of this supersymmetry [105].
Our final answer strongly suggests that these assumptions are justified and our reduced theory
fully captures the physics. A technical obstacle in justifying these assumptions stems from the
fact that the incorporation of the hypermultiplets and the gravitini multiplets would require
infinite number of auxiliary fields if all N = 8 supersymmetries are realized off-shell. It may
be possible to make progress in this direction perhaps by using a formulation where only the
Q-supersymmetry used for localization is realized off-shell but on all fields of N = 8 supergrav-
ity. Alternatively, it may be possible to repeat the localization analysis in a different off-shell
formalism such as the harmonic superspace [141] where all N = 8 supersymmetries are realized
off-shell with infinite number of auxiliary fields; but perhaps only a small number of auxiliary
fields get excited for the localizing solution.
We think that the application of localization techniques in AdS3 could be very interesting
as a means to understand the elliptic genus from a gravity perspective. We have already given
some exact results in this context. In the last section we saw that in a particular charge regime,
namely when only one of the charges is taken to be very large, the asymptotic growth of the
index is controlled by the coefficients of the Chern-Simons terms. Even if this seems to follow
naturally in a theory which has an holographic description, in this case it is surprising because
we had to take into account an exterior contribution for which we don’t have an holographic
dual.
In establishing an exact AdS2/CFT1 holography it is necessary not only to just compute
exactly the quantum entropy, for which we give an important contribution, but also to have in
hands precise microscopic answers. Duality plays a very important role in this matter. It is
therefore important that the results are consistent with the duality symmetries of the theory.
Much of this work has been accomplished here for quarter-BPS dyons in N = 4 string theory.
In section §2 we proposed a two dimensional supersymmetric sigma model whose index captures
dyons with non-trivial values of I. Part of the microscopic answer, namely the divisor structure,
has already been understood from the bulk perspective in [73]. Inclusion of orbifold geometries
is necessary to explain the divisor structure in the microscopic answer (2.53). Although there
are still some caveats, mainly concerning the symmetrization of fermion zero modes, the index
obtained passes many physical checks and is consistent with duality. The perturbative analysis
of a set of two charge configurations presented in §2.5 gives an additional and non-trivial
important check. We think this work is worth to be explored in N = 4 CHL models or in
N = 8 string theory.
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A. Killing spinors in the attractor geometry
To apply localization arguments, it is necessary to identify the supercharge Q that squares to
the compact bosonic generator L − J . For this purpose, it is useful to know first the explicit
form of the Killing spinors in the on-shell attractor geometry.
Recall that in the superconformal formalism, there are fermionic variations corresponding
to Q as well as S, which we label by ε and η respectively [87]. One can only impose Q-
invariance up to a uniform S-supertranslation. This corresponds to the fact that the physical
supersymmetries in the Poincare´ theory are found after the gauge fixing procedure to be a linear
combination of these two variations. In general, this combination has a complicated dependence
on the other fields as well as the choice of prepotential. The method of [90] is to surpass this
problem by finding spinor fields whose variation under S vanishes. One can then simply use
the Q-invariance conditions for these spinor fields, which by construction is gauge independent.
This construction was very useful in [90] to find the half-BPS solution in asymptotically flat
space.
However, these gauge-independent supersymmetry transformations then depend on the
choice of prepotential and hence the choice of the Lagrangian. This is not well-suited for our
purposes since we are really interested in the off-shell localizing solutions that are determined
direcly by the off-shell supersymmetry transformation without any reference to the prepoten-
tial. Moreover, we are only interested in the near horizon geometry which is much simpler
to analyze than the full black hole solution including the asymptotic infinity. For the near
horizon supersymmetries, we make the simple observation that a choice of the bosonic fields
corresponding to the near horizon attractor background leads to a particularly simple choice
of gauge for the physical theory, namely η = 0. This choice then permits us to work with the
simpler supersymmetry transformations of the superconformal theory.
To see this, we begin by imposing the vanishing of the variations of fermionic fields of the
Weyl mutiplet:
0 = δψiµ = 2Dµǫ
i − 1
8
γaγbT
abijγµǫj + γµη
i , (A.1)
0 = δχi = − 1
12
γaγb 6DT abijǫj +Dǫi + 1
12
T ijabγ
aγbηj , (A.2)
0 = δφiµ = −2faµγaǫi −
1
4
6DT ijcdσcd + 2Dµηi . (A.3)
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At the attractor values, we have
v =
16
ωω
, T−rt = vω , (A.4)
and the above variations simplify to
δψiµ = 2Dµǫ
i − 1
8
γaγbT
abijγµǫj + γµη
i , (A.5)
δχi =
1
12
T ijabγ
aγbηj , (A.6)
δφiµ = 2Dµη
i . (A.7)
From here, we deduce the AdS2 × S2 Killing spinors equations
Dµǫ
i =
1
16
γaγbT
abijγµǫj ,
Dµǫi =
1
16
γaγbT
ab
ijγµǫ
j (A.8)
ηi = η
i = 0.
We thus see that ηi = 0 as promised. Before solving the equation for ǫi, ǫi, note that in the
Euclidean theory in four dimensions, the spinors should have a symplectic-Majorana condition
imposed on them, while in Minkowski spacetime they can be majorana or symplectic-Majorana
[88]. In addition, the Weyl projection is not compatible with the majorana condition in the
Minkowski case and therefore the left and right-handed spinors are complex conjugate to each
other. On the contrary, in the Euclidean case, we can have symplectic Majorana-Weyl spinors
but not majorana
(ζ i±)
∗ = −iεij (σ1 × σ2) ζj±, (A.9)
where the indices i, j are SU(2)′ quantum numbers and εij is the antisymmetric tensor of
SU(2). In the literature [87] the spinors used obeyed a majorana condition in Minkowski space.
They used the convention that positive/negative chirality is correlated with upper/down SU(2)′
indice due to complex conjugation. Since the killing spinor equations A.8 were derived from
the Lorentzian theory, we shall use an ansatz which reproduces the killing spinor equations in
Euclidean AdS2 × S2. The ansatz is the following
ǫi = iεijξ
j
− (A.10)
ǫi = ξi+ (A.11)
Note that we explicitly show the chirality of the spinor. We should therefore solve the Killing
spinor condition for an unconstrained Dirac spinor ξi = ξi+ + ξ
i
−, double the space and then
impose the above constraint (A.9). We represent the Dirac spinor ξ as a direct product ξ =
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ξAdS2⊗ξS2 where ξAdS2 and ξS2 are two component spinors, and use the following gamma matrix
representation
γθ =
√
v sinh η σ1⊗1 , γη =
√
v σ2⊗1 , γφ =
√
v sinψ σ3⊗σ1 , γψ =
√
v σ3⊗σ2 , (A.12)
where v ≡ v1(= v2) is the classical size of the AdS2 (and the S2).
Equations (A.8) simplify to the diagonal form
Dµξ
i
AdS2
=
ω
|ω|
i
2
(σ3 × 1) γµ ξiAdS2 , (A.13)
Djξ
i
S2 =
ω
|ω|
i
2
(σ3 × 1) γj ξiS2 . (A.14)
(A.15)
which are easily solved [142]. In the bispinor basis
ξ = a1
(
1
0
)
×
(
1
0
)
+ a2
(
0
1
)
×
(
1
0
)
+a3
(
1
0
)
×
(
0
1
)
+ a4
(
0
1
)
×
(
0
1
)
≡

a1
a2
a3
a4

(A.16)
the solutions are (this is assuming that w ∈ R+, and we have fixed a certain normalization for
the spinors):
ξi−− = 2 e
− i
2
(θ+φ)

cosh η
2
cos ψ
2
sinh η
2
cos ψ
2
− cosh η
2
sin ψ
2
− sinh η
2
sin ψ
2
 , ξi−+ = 2 e− i2 (θ−φ)

cosh η
2
sin ψ
2
sinh η
2
sin ψ
2
cosh η
2
cos ψ
2
sinh η
2
cos ψ
2
 ,
ξi+− = 2 e
i
2
(θ−φ)

sinh η
2
cos ψ
2
cosh η
2
cos ψ
2
− sinh η
2
sin ψ
2
− cosh η
2
sin ψ
2
 , ξi++ = 2 e i2 (θ+φ)

sinh η
2
sin ψ
2
cosh η
2
sin ψ
2
sinh η
2
cos ψ
2
cosh η
2
cos ψ
2

. (A.17)
As explained above, we should impose a symplectic-Majorana conditon on the spinors. In the
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above basis, equation (A.9) implies:
ξ+++ = (ξ
−
−−)
∗
ξ+−+ = (ξ
−
+−)
∗
ξ−++ = (−ξ+−−)∗
ξ−−+ = (−ξ++−)∗
where the star is not the ordinary complex conjugation but the complex conjugation condition
as defined by the symplectic-majorana condition.
One can now identify the spinors ǫira as the generators of G
ia
r , the supercharges of the near
horizon N = 4 superalgebra §4.1.2. The real combinations Qµ, Q˜µ, µ = 1, . . . , 4 are generated
by the combinations:
ζ1 = ξ
+
++ + ξ
−
−−,
ζ2 = −i
(
ξ+++ − ξ−−−
)
,
ζ3 = −i
(
ξ−++ + ξ
+
−−
)
,
ζ4 = ξ
−
++ − ξ+−−,
ζ˜1 = ξ
+
−+ + ξ
−
+−,
ζ˜2 = −i
(
ξ+−+ − ξ−+−
)
,
ζ˜3 = −i
(
ξ−−+ + ξ
+
+−
)
,
ζ˜4 = ξ
−
−+ − ξ++−,
(A.18)
We can easily see that these killing spinors are real under the complex conjugation condition
defined by (A.9). As an instructive exercise take for example ζ1. The SU(2)′ components are
ζ1+ = ξ+++ and ζ
1− = ξ−−−. Both are complex conjugate to each other
(ζ1+)∗ = −iε+− (σ1 × σ2) ζ1−
(ζ1−)∗ = −iε−+ (σ1 × σ2) ζ1+
A.1 Supersymmetry variations
Recall that the supersymmetry variations for fermions and scalars of the vector multiplets in
Minkowski theory are [87]
δXI = ǫiΩIi
δX
I
= ǫiΩ
Ii
δΩIi = 2 6∂XIǫi +
1
2
εijF Iµν−γµγνǫj + Y Iijǫj + 2XIηi
δΩIi = 2 6∂XIǫi + 1
2
εijF Iµν+γµγνǫj + Y Iijǫj + 2XIηi
where Ωi has positive chirality while Ω
i has negative chirality. Changing basis from the ǫ spinors
to the ζ spinors using (A.10),we can reexpress the susy variations as
δXI = −(ζ i+)†λIi+
δX
I
= −(ζ i−)†λIi−
δλIi+ =
1
2
(F I−µν −
1
4
X
I
T−µν) γ
µ γν ζ i+ + 2i6∂XI ζ i− + Y Iij ζj+
δλIi− =
1
2
(F I+µν −
1
4
XI T+µν) γ
µ γν ζ i− + 2i6∂X
I
ζ i+ + Y
Ii
j ζ
j
− (A.19)
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where λ are related to Ω spinors by
Ωi = εijλ
j
− Ω
i = −iλi+ . (A.20)
Under a transformation generated by ζi or ζ˜i, given in (A.18), we can show that the action
of δ2 is L− J or L+ J respectively
δ2XI = −(ζ i+)†δλIi+ = 2i(ζ i+)† 6∂XI ζ i− (A.21)
δ2X
I
= −(ζ i−)†δλIi− = 2i(ζ i−)† 6∂XI ζ i+ (A.22)
where the remaining contractions vanish identically for the spinors chosen. After a straightfor-
ward computation we find
δ2XI = −2i(∂θ − ∂φ)XI = 2(L− J)XI (A.23)
δ2X
I
= −2i(∂θ − ∂φ)XI = 2(L− J)XI . (A.24)
B. Some aspects of the superconformal multiplet calculus
In this appendix, we shall summarize some aspects of the superconformal multiplet calculus
which we briefly presented in §4.2. We shall first present the supersymmetry variation of
the various multiplets. We shall then present the invariant Lagrangian density formula for a
chiral multiplet. We shall then present the rule which defines the various components of a
scalar function of chiral superfields e.g. the prepotential superfield F(XI). These are the basic
ingredients that go into building the superconformal action. We shall borrow the presentation
of the recent [105] wherein a lot of these facts (and more) have been collected, this can be
referred to for more details.
The invariance of the bulk Lagrangian under the superconformal transformations are well
established, we provide these details for the sake of completeness. Using the same transforma-
tions, in another appendix, we shall sketch the supersymmetry invariance of our conjectured
boundary action. This, as far as we know, is new, and there is scope to develop it further.
As in the text, ǫi and ηi denote the parameters of the Q and S supersymmetry transforma-
tions. The transformation rules for a chiral multiplet of Weyl weight w are:
δA = ǫiΨi ,
δΨi = 2 /DAǫi +Bij ǫ
j + 1
2
γabF−ab εijǫ
j + 2wAηi ,
δBij = 2 ǫ(i /DΨj) − 2 ǫkΛ(i εj)k + 2(1− w) η(iΨj) ,
δF−ab =
1
2
εij ǫi /DγabΨj +
1
2
ǫiγabΛi − 12(1 + w) εijηiγabΨj ,
δΛi = −12γab /DF−abǫi − /DBijεjkǫk + Cεij ǫj + 14
(
/DAγabTabij + wA /Dγ
abTabij
)
εjkǫk
−3 γaεjkǫk χ[iγaΨj] − (1 + w)Bijεjk ηk + 12(1− w) γab F−abηi ,
δC = −2 εijǫi /DΛj − 6 ǫiχj εikεjlBkl
−1
4
εijεkl
(
(w − 1) ǫiγab /DTabjkΨl + ǫiγabTabjk /DΨl
)
+ 2wεijηiΛj . (B.1)
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The independent fields of the Weyl multiplet transform as follows,
δeµ
a = ǫi γaψµi + ǫi γ
aψµ
i ,
δψµ
i = 2Dµǫi − 18Tabijγabγµǫj − γµηi
δbµ =
1
2
ǫiφµi − 34ǫiγµχi − 12ηiψµi + h.c. + ΛaKeµa ,
δAµ =
1
2
iǫiφµi +
3
4
iǫiγµ χi +
1
2
iηiψµi + h.c. ,
δVµij = 2 ǫjφµi − 3ǫjγµ χi + 2ηj ψµi − (h.c. ; traceless) ,
δTab
ij = 8 ǫ[iR(Q)ab
j] ,
δχi = − 1
12
γab /DTab
ij ǫj +
1
6
R(V)µνijγµνǫj − 13 iRµν(A)γµνǫi +Dǫi + 112γabT abijηj ,
δD = ǫi /Dχi + ǫi /Dχ
i , (B.2)
where
R(Q)µν
i = 2D[µψν]i − γ[µφν]i − 18 T abij γab γ[µψν]j . (B.3)
Based on these two multiplets, one can write down a Lagrangian density for the chiral
multiplet which is invariant under the superconformal transformations:
e−1L =C − εij ψµiγµΛj − 18ψµiTab jkγabγµΨl εijεkl − 116A(Tab ijεij)2
− 1
2
ψµiγ
µνψνj Bkl ε
ikεjl + εijψµiψνj(F
−µν − 1
2
AT µνkl ε
kl)
− 1
2
εijεkle−1εµνρσψµiψνj(ψρkγσΨl + ψρkψσj A) . (B.4)
This density is built such that the variation of the Lagrangian is equal to a total derivative in
spacetime.
The Lagrangian for vector multiplets is based on first viewing the gauge invariant quantities
of the vector multiplet as a reduced chiral multiplet with weight w = 1. The components are:
A|vector =X ,
Ψi|vector =Ωi ,
Bij |vector =Yij = εikεjlY kl ,
F−ab|vector =
(
δab
cd − 1
2
εab
cd
)
ec
µed
ν ∂[µAν]
+ 1
4
[
ψρ
iγabγ
ρΩj +X ψρ
iγρσγabψσ
j −X Tabij
]
εij ,
Λi|vector = − εij /DΩj ,
C|vector = − 2cX − 14F+ab T abijεij − 3χiΩi . (B.5)
The transformations of the vector multiplet are:
δX = ǫiΩi ,
δΩi =2 /DXǫi +
1
2
εijFµνγ
µνǫj + Yijǫ
j + 2Xηi ,
δAµ = ε
ijǫi(γµΩj + 2ψµjX) + εijǫ
i(γµΩ
j + 2ψµ
jX) ,
δYij =2 ǫ(i /DΩj) + 2 εikεjl ǫ
(k /DΩl) . (B.6)
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One then has to choose a meromorphic homogeneous function F of weight 2 and build the
multiplet F(XI) with lowest component F (XI). The components of this is given in terms of
the components of the vector multiplet as follows:
A|F =F (A) ,
Ψi|F =F (A)I ΨiI ,
Bij|F =F (A)I BijI − 12F (A)IJ Ψ(iIΨj)J ,
F−ab|F =F (A)I F−abI − 18F (A)IJ εijΨiIγabΨjJ ,
Λi|F =F (A)I ΛiI − 12F (A)IJ
[
Bij
IεjkΨk
J + 1
2
F−ab
IγabΨk
J
]
+ 1
48
F (A)IJK γ
abΨi
I εjkΨj
JγabΨk
K ,
C|F =F (A)I CI − 14F (A)IJ
[
Bij
IBkl
J εikεjl − 2F−abIF−abJ + 4 εikΛiIΨjJ
]
,
+ 1
4
F (A)IJK
[
εikεjlBij
IΨk
JΨl
K − 1
2
εklΨk
IF−ab
JγabΨl
K
]
+ 1
192
F (A)IJKL ε
ijΨi
IγabΨj
J εklΨk
KγabΨl
L . (B.7)
C. Boundary terms and supersymmetry of the renormalized action
In §4.3.3, we conjectured the boundary action (4.77)
Sbdry = −2πr0
(
qI e
I
∗
2
+ i
(
F (XI∗ )− F (XI∗ )
))
. (C.1)
so that Sren is finite. We also mentioned that this action is supersymmetric. In this appendix,
we shall discuss the action Sren, and show that it is supersymmetric.
To motivate this, we note that we can rewrite Sren as the sum of two pieces
Sren = Sbulk + Sbdry + iq
2
∮
A
=
(Sbulk + S1bdry)+ ( i2qI
∫ 2π
0
AIθ dθ + S2bdry
)
, (C.2)
where we have split the boundary action (4.77) into a sum of two pieces:
Sbdry = S1bdry + S2bdry , (C.3)
S1bdry = −
∫ 2π
0
i
[
F (X)− F (X)
]
bdry
eθθ dθ , (C.4)
S2bdry = −
∫ 2π
0
qI
2
[
XI +X
I
]
bdry
eθθ dθ . (C.5)
Here, eθˆ = sinh η0 is the induced vielbein on the boundary. To verfiy (C.3), we use the same
algebra used in (4.74), namely, an expansion of the field XI into its fixed part XI∗ and varying
part which is O(1/r0), followed by a Taylor expansion and the use of attractor equations.
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With such a split of the action, the two pieces in (C.2) have a very natural interpretation
as we discuss below. We will show further that each of them is finite and supersymmetric,
implying the same for Sren.
Recall that the bulk action (4.73) evaluated on the solution can be written as the difference
of two pieces
Sbulk = 2πir0
[
F
(
XI
)− F (XI)]
bdry
− 2πi
[
F
(
XI
)− F (XI)]
origin
. (C.6)
We see that Sbulk + S1bdry is manifestly finite. Thus, S1bdry has the natural interpretation of
a canonical boundary term which cancels the boundary part of the bulk action, so that any
variation of Sbulk + S1bdry will be finite and not contain boundary terms.
The second piece of the boundary action combines with the Wilson line to give the operator
exp
[− i
2
qI
∫ 2π
0
AIθ dθ − S2bdry
]
= exp
[− i
2
qI
∫ 2π
0
(
AIθ + ie
θ
θ (X
I +X
I
)
)
dθ
]
(C.7)
This operator has the natural interpretation as the supersymmetric Wilson line of gauge theory
[100, 101]. Recalling the boundary behavior of the fields
− i
2
qI
∫ 2π
0
AIθ dθ = −π qI eI∗ r0(1 +O(1/r0)) , (C.8)
− i
2
qI
∫ 2π
0
ieθθ (X
I +X
I
)dθ = π qI r0
(
XI∗ +X
I
∗ +O(1/r0)
)
, (C.9)
= π qI e
I
∗ r0(1 +O(1/r0)) , (C.10)
it is easy to see that this operator is manifestly finite.
Evaluated on the solutions AIθ = −ieI∗(r0 − 1), XI = XI∗ + C
I
r0
, X
I
= X
I
∗ +
CI
r0
that we
consider in §4.3, we see that the two pieces of the renormalized action (C.2) above give the
two pieces of the final renormalized action (4.78) which we found in §4.3.3, as indeed should
happen.
In the rest of the appendix, we shall sketch the proof of supersymmetry of these two
operators. The supersymmetry of the operator (C.7) above follows from the transformation
rules of XI and AIµ of the vector multiplet (B.6). We use the fact that the Killing spinors obey
ζ i = εijγ
0ζj . (C.11)
The extra term in the variation of the vector field which is proportional to the gravitino is
cancelled by the variation of the vielbein in the definition of the super Wilson line. This is the
new ingredient in the super Wilson line of a gravitational theory compared to that of gauge
theory.
Now we come to the supersymmetry of the combination Sbulk + S1bdry. The statement that
Sbulk is supersymmetric [13, 15, 14] really means that the variation of Sbulk is a boundary term
which can be ignored in certain circumstances. In our situation, there is a non-trivial boundary,
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and therefore what we need to check is that the variation of the bulk Lagrangian is indeed equal
to the derivative of the boundary Lagrangian.
To investigate this, we need to understand the structure of the Lagrangian built using the
chiral superfield [16]. In the case of rigid supersymmetry, the variation of the top component of
the chiral superfield is a total derivative in spacetime, and therefore the top component (picked
by a chiral superspace integral) is an invariant Lagrangian. For chiral superfields coupled to
superconformal gravity, the transformation rules undergo a modification and the derivatives
become covariant derivatives, and there are additional terms in the variation (B.1) of the top
component C. The invariant Lagrangian density (B.4) contains new terms whose variation
cancel the additional non-derivative terms present in δC.
The net result of this procedure is that the variation of the invariant Lagrangian is equal to
the total derivative terms that are present in the variation of the top component C of the chiral
multiplet, i.e. essentially one can drop the extra terms which arise due to the covariantization.
As an example, the term proportional to the auxiliary field Bij in δC contains χi which is an
auxiliary field of the superconformal multiplet constrained to be proportional to R(Q)i. This
term is cancelled by the term proportional to Bij in the higher corrections to the Lagrangian
density (B.4) after solving for the auxiliary field χ in terms of the gravitini.
Looking at the Q variation (B.1) of a chiral multiplet of weight w = 2, we see that the
variation of C contains two total derivative pieces
− 2εij/∂(ǫi Λj) , (C.12)
and
− 1
4
εijεkℓ
(
(/∂ǫi γ
ab Tabjk)Ψl + γ
ab Tabjk /∂(ǫiΨℓ)
)
= −1
4
εijεkℓ /∂ (ǫi γ
ab TabjkΨℓ
)
. (C.13)
In our problem where we have a bunch of vector multiplets, the way to build a Lagrangian
is by using the homogeneous function F (XI). One first builds a chiral multiplet F(XI) whose
bottom component is F (XI), and then uses the invariant Lagrangian described above for this
chiral multiplet. The variation of our Lagrangian is therefore equal to the total derivative terms
that appear in the variation of the top component of the chiral multiplet F(XI). Looking at
the form of the components of this superfield (B.7), and then substituting for the components
of the reduced chiral multiplet (B.5), we find that the first type of total derivative term from
integration of (C.12) is
− 2εji
∫
bulk
/∂(ǫjΛi)|F
= −2εji
∫
bulk
/∂
(
− ǫjF (X)I εik /DΩkI − 12ǫjF (X)IJ
[
Bij
IεjkΩk
J + 1
2
ǫjF
−
ab
IγabΩk
J
]
+ 1
48
ǫj F (X)IJK γ
ab Ωi
I εkℓΩk
JγabΩℓ
K
)
. (C.14)
We are interested in the bosonic part of the boundary counterterm Lagrangian. The third
term on the right hand side contains three fermions and so cannot appear from the variation of a
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pure bosonic term, so we shall ignore that term here. The second term on the RHS proportional
to FIJ is equal to the variation of FIJΩ
IΩJ minus a total derivative term on the boundary. We
can therefore drop this term since it is fermionic. Using the variation δXI = ǫiΩIi , the first
term on the RHS is proportional to the variation of the derivative of FI , which integrates to
zero on the closed boundary, and therefore does not produce any boundary counterterms.
This leaves us with the second term (C.13) which gives rise to a boundary term
− 1
4
εijεkℓ
∫
bulk
/∂
(
ǫi γ
ab Tabjk Ψℓ|F
)
= −1
4
εijεkℓ
∫
bulk
/∂
(
ǫi γ
ab Tabjk F (X)I Ωℓ
I
)
. (C.15)
Now, the variation of Tabjk (B.2) is proportional to the curvature R(Q)ab which integrates to zero
on the boundary. Therefore, Tabjk can be treated as a constant on the boundary for the purpose
of supersymmetry variations. Plugging in the attractor value for Tabjk, and using δX
I = ǫiΩIi
again, and the Killing spinor relation (C.11), we see that the remaining term (C.15) is equal
and opposite to the variation of the boundary term S1bdry, thus showing that the supersymmetry
variation of Sbulk + S1bdry vanishes.
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